Journal of Statistical Physics, Vol. 35, Nos. 3/4, 1984

Eight-Vertex SOS Model and Generalized
Rogers—Ramanujan-Type Identities

George E. Andrews,'” R. J. Baxter,’ and P. J. Forrester’

Received December 21, 1983

The eight-vertex model is equivalent to a “solid-on-solid” (SOS) model, in which
an integer height /, is associated with each site i of the square lattice. The
Boltzmann weights of the model are expressed in terms of elliptic functions of
period 2K, and involve a variable parameter 5. Here we begin by showing that
the hard hexagon model is a special case of this eight-vertex SOS model, in
which n = K/5 and the heights are restricted to the range 1 < /; < 4. We remark
that the calculation of the sublattice densities of the hard hexagon model
involves the Rogers-Ramanujan and related identities. We then go on to
consider a more general eight-vertex SOS model, with 7 = K/r (r an integer)
and 1 <, < »— 1. We evaluate the local height probabilities (which are the
analogs of the sublattice densities) of this model, and are automatically led to
generalizations of the Rogers—Ramanujan and similar identities. The results are
put into a form suitable for examining critical behavior, and exponents 8, ¢, &
are obtained. :

KEY WORDS: Statistical mechanics; lattice statistics; number theory;
eight-vertex model; solid-on-solid model; hard hexagon model; Rogers—
Ramanujan identities.

1. THE LOCAL HEIGHT PROBABILITIES P,

1.1. Introduction

Many of the exactly solved two-dimensional models in statistical mechanics
are equivalent to special cases of the eight-vertex model.'~ For instance,
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the critical Potts model is equivalent to a six-vertex model,'” which is the
eight-vertex model with two-vertex configurations given zero weight. (One
point that should be made is that the six-vertex model can be solved in an
electric field,'” which is not true of the eight-vertex model. Here we shall
consider only the “zero-field” eight-vertex model.)

The triangular three-spin model was originally proposed and solved®
quite independently of the eight-vertex model: three years went by before it
was realized!” that it can be transformed into a special eight-vertex model.

It seems that history must repeat itself: it is now a little over three
years since the hard hexagon model was solved,(®>” and until now it was
believed to be distinct from the eight-vertex model (p. 453 of Ref. 10).
However, one way of solving the eight-vertex model'!~!'¥ is to convert it to
a “solid-on-solid” (SOS) model (Section 3 of Ref. 12, and Section 9.1.2 of
Ref. 14). We begin this paper by showing that the hard hexagon model is in
fact a special case of this SOS model. For this case, the eight-vertex
parameter n has the value

n=K/5 (LL.1)

where 2K and 2iK’ are the periods of the elliptic functions that naturally
occur,

One intriguing feature of the hard hexagon model is that the Rogers—
Ramanujan and related identities occur very naturally in the calculation of
the local densities.”> These involve functions such as

G(xy= TI [(1 = *Ha - xH]
" (1.12)
H()C) ____mI'=Il [(1 _ x5m—3)(1 _ xSm—Z):\—l

where the powers of x in the infinite products increase in intervals of 5.
In this paper we generalize the hard hexagon model by considering the
corresponding eight-vertex SOS model with

n=K/r (1.1.3)

r being a positive integer which is sometimes (but not always) restricted to
odd values. We then use the corner-transfer-matrix technique to calculate
the local height probabilities of this model (these are the analogs of the
hard hexagon densities) and are led (as we hoped) to various generaliza-
tions of the Rogers—Ramanujan identities. These are almost certainly
closely related to Gordon’s generalization,!'>!® and involve the functions

o0

G,(x) = 11 (1—xm)~! (1.1.4)

m=1
m#0, i (modr)
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which are natural generalizations of H(x), G(x), reducing to them when
r=5andi=12.

1.2. Eight-Vertex SOS Model

Consider a square lattice .2°, wound on a cylinder so that the last
column is followed by the first. With each site i associate an integer
“height” /.. With each face associate a weight W ([, Zj |1,.1,), where i, j,n,m
are the four surrounding sites, ordered anticlockwise from the lower left, as
in Fig. 1. Then the partition function is

z=3 I Wbl (121)
(&),n,m)
where the sum is over all the allowed arrangements of heights on the lattice,
and the product is over all faces (7, j, n,m) of the lattice.
Require that the heights of adjacent sites must differ by 1: this is
equivalent to taking W(I,m’|!’,m) to be zero unless

= m|=|m —m|=|m—0|=|I'—1]=1 (12.2)

To within a uniform additive shift of /,m’,!’, m, there are six possible ways
of satisfying (1.2.2), as shown in Fig. 2.

Now consider the usual zero-field eight-vertex model, with weights
a,b,c,d defined as in Eqgs. (1)-(4) of Ref. 11. Define k,n,v,p by Eq. (8) of

Fig. 1. The square lattice ./, showing a typical face (/, j, n, m) and the two sublattices X and
Y (denoted, respectively, by crosses and circles).
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Fig. 2. The six possible arrangements of heights round a face of the lattice. The location of
the sublattices is irrelevant here: crosses and circles may be interchanged.

Ref. 11, ie., by
a=p012n)0(v—n)H(v + 1)
b= pBQ2n)H (v — n)B(v + 1)
c=pH(2n)O(v — 1)O(v + 1)
d=pH(2n)H(v — n)H(v + 1)

where H(u), ®(u) are the elliptic theta functions of argument ¥ and modu-
lus k. Let A(u) be the function

h(u) = H(u)®(u) (1.2.4)

(12.3)

and let
o' = pO(0), W, = wy+ 2 (1.2.5)

where w, is a constant, as yet arbitrary. Then it is shown in Refs. 11 and 12
that this eight-vertex model on -~ is equivalent to an SOS model on .7
with weights

W(LI+1]1-1,1y=ph(v+n)

W(l,1— 1|1+ 1,1y =p'h(v + nyh(w,.,)/h(W)

W+ LI LI=1)y=p'h(v— n)h{w,_))/ k(W)

Wl - LI+ 1)=ph(v— 1)

W+ LI LI+ 1) =p h2n)h(w, + 1 — v)/[ h(W)h(w, )]
W(l~ 11|11 =1)=p'hQ2u)h(w, — 1 + v)

(taking -~ to be the dual of the lattice used in Ref. 12, where the heights
are associated with faces rather than sites).
From the usual definitions'!”!® of the elliptic theta functions,

(1.2.6)

h(u) = 2p"*sin T8 T] (1-2p"cos B¢ +p™")(1 —py (12T
n=1

where K and K’ are the complete elliptic integrals of the first kind, and p is
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the “nome”
p= e "K/K (1.2.8)

Noting that K is a function only of p, from (1.2.5)-(1.2.7) we sec that
we have five parameters at our disposal, which we can take to be p, p'/%p,
1, wg, and v. Here we shall regard the first four as real constants, and v as a
variable (possibly complex). In particular, p must lie in the interval

~1<p<l (1.2.9)

which implies that K is real and positive.

In Refs. 11 and 12, particular attention is paid to the case when there
exists an integer L such that 2Ly is a period of the elliptic functions. This
means that we can regard two heights /; in the SOS model as being equal if
they differ only by an integer multiple of L: it is then natural to interpret
the adjacency restrictions (1.2.2) to modulo L, and this can be convenient
in setting up a Bethe ansatz with which to solve the SOS model. [Incident-
ally, Pegg(!® has obtained the general conditions under which an SOS
model satisfying (1.2.2) can be solved by a Bethe ansatz.]

Here we shall not adopt this “modulo L” viewpoint, but will interpret
(1.2.2) strictly as written. This means that if we move from left to right
along a row of .#°, returning ultimately (because .#” is wound on a cylinder)
to our starting point, then we must see as many increases in height
(between adjacent sites) as decreases. (In Bethe ansatz terms, there are as
many “up arrows” as “down arrows” per row.) It follows that we can in
fact ignore the restriction (9) of Ref. 11, as well as the renormalization (10),
and take H(u), ©(u) to be the usual elliptic theta functions.('!® In (1.2.3)
we have used the fact that &(«) is an even function, while H(u) is odd.

When we say, before (1.2.6), that the eight-vertex and SOS models are
“equivalent,” we mean that the eigenvalues of the transfer matrix of the
former are also eigenvalues of the transfer matrix of the latter. If the SOS
model has no eigenvalues larger than the maximum eight-vertex eigenval-
ues, then it follows that the two models have the same partition function
per site in the limit when the number of rows of _# becomes infinite.

The eigenvectors and eigenvalues of the SOS model transfer matrix are
given by Eqs. (1.16)-(1.23) or Ref. 13, with n= N/2. [Actually these
equations are over-restrictive: all the eight-vertex eigenvalues are certainly
given by them‘® but the SOS model has other eigenvectors and eigenvalues
obtained by multiplying the RH sides of (1.16) and (1.23) by z/ and z2,
respectively, while also multiplying the two additive terms on the right-
hand side of (1.21) by z and z~!. This z can be any complex number, and
this extra degree of freedom reflects the fact that we are at present allowing
the heights to take all integer values from — o0 to co, with no “height
boundary condition.” When they are restricted to a finite set of values,
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boundary constraints are imposed on the eigenvectors which fix z. For the
hard hexagon case discussed below, it appears that z'° = 1. The eigenvec-
tors are in general linear combinations of those given in Ref. 13 that
correspond to degenerate eigenvalues.]

The eigenvectors of the SOS model are independent of v (reflecting the
fact that eight-vertex transfer matrices with the same values of k£ and 7, but
different values of v, commute®). The eigenvalues are independent of the
parameter wy,.

A trivial variation of the model is to associate extra weights F (4, 1),
F~\(, [) with the faces above and below each horizontal edge (i, j).
Similarly, weights G(,1,),G ~'(},1,) can be associated with the faces to
the right and left of each vertical edge (i, m). Clearly such weights cancel
out of the partition -function, but they multiply the weight function
W(l,m'|lI',m) by

F(L,m\G(L1')/[ F(I',m)G(m',m) ] (1.2.10)
One particular such transformation is to multiply W by x(/)/ x(m), for any
function x(/).
Performing both, taking

F(LIxy=G(+1L,)=[G¢(-1,1)]""
=[h(w)]'"? (1.2.11)
and x(/) = i’, the weights (1.10) become
WL+ 1|1-1,1y=W(I-1]1+1,])=q
W+ LILI=1y=W({—-1LI|LI+1)=8 (1.2.12a)
W+ LI LI+ Y=y, W{l-1LI|LI-1)=3

where o;,0;, 8, B;,7;,8; are the weights of the six possible configurations,
as shown in Fig. 2, and are given by

a;=p'h(v+m)

Bi=ph(n— U)[h(wpl)h(WHl)}l/z/h(w’)
vi= P h@mh(w, + 1 = 0)/h(w)

b= o B0~ 1+ 0)/h()

From now on we shall take W to be given by (1.2.12) rather than
(1.2.6). This is a more symmetric form, as it has the property that

W(l,m' |l',m)y=W(LI'|m',m)=W(mm'|l',]) (1.2.13)
The only further transformation of the type (1.2.10) that can be applied

(1.2.12b)
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without violating these symmetries is to multiply W(/,m’|!’,m) by

X8/ (81 m) (12.14)

where x* = 1 and g, is arbitrary. When x = i and g, = 1, this transformation
merely negates (3.

Note that if the height of one site is even, then the heights of all its
neighbors must be odd. If we divide the square lattice into two sublattices
X and Y (the crosses and circles of Fig. 1), such that any site of X has
neighbors only in Y, and conversely, then it follows that Z is the sum of
two individual partition functions Z, and Z,. In Z,, the. only allowed
configurations are those with odd heights on X sites, and even heights on ¥
sites. Conversely for Z,. Thus in this sense the SOS model splits into two
separate, but equivalent, models. We shall refer to them as “sub-SOS”
models.

1.3. Hard Hexagon Model

The hard hexagon model® is a special case of the hard square model
with diagonal interactions. With each site i of the square lattice .7
associate an occupation number o, such that ¢, =0 or 1 according to
whether the site is empty or contains a particle. As with the SOS model,
associate a weight Wy(o;,0;| 0,,,0,) with each face (i, j,n,m). No two par-
ticles can be adjacent, which is equivalent to saying that 6,0, =0 for all
edges (7, j) of ..

This model can be solved provided a certain restriction (Eq. 24 of Ref.
8) is satisfied (the hard hexagon model is included in this solvable case).
The weights W, can then naturally be parametrized in terms of elliptic
functions. Using the parametrization of Eq. (2.12) of Ref. 20, or equiva-
lently Eq. (14.2.39) or Ref. 10, replacing u therein by #(n — v)/(2K) and
noting that #(u) and #,(u) therein are proportional to A(2Ku/7) (with
appropriate elliptic moduli), we find that the nonzero values of W, are

W, (00]00) = (57 — v)/h(4n)

Wy (10]00) = W, (00|01) = h(n — v) /[ h(2n)h(dn) ]

W, (01]00) = W, (00| 10) = A(n + 0)/h(27) (1.3.1)
W, (10]01) = h(3n + v)/h(4n)

W, (01[10) = h(3n — v)/h(2n)

where
n=K/5 (1.3.2)
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We can convert this to an SOS model satisfying (1.2.2). For each
occupation number o; define a height /; by

[=3-120,, if i is on sublattice X
=20, + 2, if i is on sublattice ¥ (1.3.3)
It then follows that the restrictions 6,0, = 0, 1 and ¢,0; = 0 are equivalent to
1</, <4, 1=l =1 (1.3.9)
for all pairs (i, j) of adjacent sites. Further, defining
Wb, 1) = Wy (9,9 0,,,0,) (1.3.5)
and using the relations
h(—u)=—h(u)=h(Q2K + u) (1.3.6)

we find that this function W is precisely the same as that given by (1.2.12),
with
o =[r@m],  we=0 (1.3.7)
The definitions (1.3.3) ensure that /, is odd on an X site, even on a Y
site, so we have a sub-SOS model. However, we could just as easily have
interchanged the X and Y sublattices, and obtained the other SOS model
[with the same weights, and still satisfying (1.3.4)]. Altogether, it follows
that
Zoos =274y (1.3.8)

where Z,;;, is the hard-hexagon partition function and Zgyg is the eight-
vertex SOS partition function, given by (1.2.1), (1.2.12) and (1.3.7), with
cach height /; restricted to the values 1,2,3,4.

Restricted and Unrestricted SOS Models. Let us call this SOS
model, where 1 < /; < 4, the “restricted” SOS model. It is not the same as
the unrestricted model discussed in Section 1.2, where —co </, < o0, but it
is closely related.

Consider the unrestricted model. In particular, consider two successive
rows R and R’ of ., and the product P of the weights of the intervening
faces. Suppose that all the heights on R lie between | and 4. Then P =0
unless the heights on R’ also all lie between 1 and 4. To see this, note that if
R’ is the upper row, then it can only contain a height 0 or 5 via the
configurations shown in Fig. 3. These contain weights W(21]10),
W(34|45), respectively, and from (1.2.12) these vanish because

h(wy) = h(0) =0, h(ws)=h(109) = h(2K)=0 (1.3.9)
Similar considerations apply if R’ is the lower row.

If all the weights were finite, this would mean that the transfer matrix
of the unrestricted SOS model broke up into diagonal blocks, one of which
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Fig. 3. Configurations containing heights 0 and 5 in the upper row, and only heights 1,2, 3,4
in the lower row.

would be the restricted SOS model transfer matrix. More precisely, this
would happen if n = K/5 and w, is allowed to tend to zero.

In fact the situation is more complicated than this, since some of the
other transfer matrix elements [e.g., those containing a factor W(4,5|5,4)]
then become infinite. Even so, we have still been able to verify for a
two-column lattice that the relevant eigenvalues and eigenvector elements
of the unrestricted model become those of the restricted one. This suggests
that the restricted and unrestricted SOS models may have at least some
transfer matrix eigenvalues in common. This would be consistent with the
fact that the hard hexagon model (in its regime 1, III, and IV) has the same
free energy per site as the corresponding eight-vertex model.?”

Another argument in favor of this assertion is to compare the equa-
tions that determine the transfer matrix eigenvalues of the unrestricted SOS
model and the hard hexagon model. Each eigenvalue A is an entire
function of the variable v. For the SOS model, it follows from Eq. (1.23) of
Ref. 13 that each A(v) satisfies the functional equation

A(0) Q(v) = z¢(v — ) Q(v + 2n) + 27 '¢(v + 1) Q(v — 21)  (1.3.10)

where z is the parameter discussed in Section 1.2,

o(v) =[p8(0)h(v)]" (1.3.11)
N is the (even) number of columns of the lattice .27, and
N/2
Q(v) = th(v — u;) (1.3.12)
j=
Uy, ..., Uy, being constants.
Writing (1.3.10) with v replaced by v + 2kn, where k=0,1,.. ., 4,
noting that
Q(v + 10m) = (— )2 0(v) (1.3.13)

we obtain five homogeneous linear equations for Q(v + 2kn), k=0,
I, ..., 4. Eliminating these gives a Sth-degree equation for the function
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A(v), and it can be verified that this equation is automatically satisfied if
A(v)A(v — 21) = (v + n)d(v — 3m) + (v — N)A(v + 4n) (1.3.14)

provided
2= —(—)"? (1.3.15)

(In fact the 5 X 5 matrix of coefficients then has rank of only 3.)
However, (1.3.14) is precisely the equation satisfied by the eigenvalues
of the transfer matrix of the hard hexagon model [Eq. (3.3) of Ref. 20, using
(1.3.7) and the transformations mentioned prior to Eq. (1.3.1) herein]. Thus
there may be (and almost certainly are) eigenvalues satisfying both (1.3.10)
and (1.3.14), provided z in the unrestricted SOS model is given by (1.3.15).

1.4. Restricted SOS Model with n = K/r

From now on we consider in this paper an SOS model satisfying
(1.2.2), (1.2.5), and (1.2.12), with

n=K/r (1.4.1)
wo =10 (1.4.2)

and each height /; restricted to the integer values
L=1,2,...,r—1 (1.4.3)

Here r is an arbitrary integer not less than 3.

For r = 5 we regain the restricted SOS model which we have shown to
be equivalent to the hard hexagon model [more precisely, to the hard
square model with diagonal interactions that has weights given by (1.3.1)].
Thus the present model is a natural generalization of the hard hexagon
model. It has the property that 2(w)) is nonzero for /=1, ..., r — 1, while

h(wp) = h(w,) =0 (1.4.4)
This means that the weights (1.2.12) are finite (and in general nonzero)
provided the restriction (1.4.3) is satisfied.

As with the r =5 case, it is likely that this model is in some sense
equivalent to the unrestricted model with — oo </, < o0, and hence to the
eight-vertex model. However, we shall not need this equivalence. All we

need is the fact that the restricted model, like the unrestricted one, satisfies
the star-triangle relation [Eq. (13.3.6) of Ref. 10, (2.49) of Ref. 22]:

% W(b,cla, g)W'(a, glf.e)W (g cled)

= % W"(a,blf, e)yW'(b,c|g,dYW(g.d|f e) (1.4.5)

Here W is the weight function defined by (1.2.2), (1.2.5), (1.2.12); W’ and
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W are defined similarly, but with v replaced by v’ and ©”, respectively,
where

v=0v+0"—1 (1.4.6)

[If we set u =71 — v, then we regain the usual relation »’' = u + u”: Eq.
(13.3.10) of Ref. 10.]

The equation (1.4.5) is to be true for all values of the six heights
a,b,c,d,e, f. Since W, W', W"” each vanish unless their arguments satisfy
(1.6), we must have [a — b|=|b—c|=|c—d|=|d—e|=|e — fl|=|f— 4]
= ]. Apart from a uniform additive shift of all the heights, this means that
there are 20 cases to consider. These occur in pairs, one being obtained
from the other by interchanging a with 4, b with e, and ¢ with f, which
merely interchanges the two sides of the equation (1.4.5).

It follows that (1.4.5) consists of ten distinct equations. Taking
o, ..., 9/ to be the values of e, . . ., §; in (1.2.12) when W, v are replaced
by W', v’; and similarly for o/, ..., §,"; seven of the equations are

Bioy B + v v/ = 81181 + Brerr Bl

Bryi—i B + viely) = eyvjof

Bioyd” + 18/ B = 38/,

8,000/ + B0/ B = .8/ af’ (1.4.7)

7’ ’” ! [ 7 "
8y B+ By = /v,
I/ — ’ 7"

Q18 Qpp ) = Q0 10y

’ 7o ¥ 34
o1 Bl B = B By

The other three equations can be obtained by interchanging the unprimed
and double-primed symbols.

For the unrestricted model, / in (1.4.7) takes all integer values and we
can verify directly, using (1.2.12b), that the equations are satisfied.

For the restricted model, each of a,b, .. ., f must lie in the interval
I, ..., r— 1. This means that / takes the values 1, ..., r —2 in the first
equation in (1.4.7), the values of 2, ..., r — 2 in the next four equations,
and the values 2, ..., r — 3 in the last two. Further, the height g in (1.4.5)
must also lie in the interval 1,..., 7 — 1: this means that in the first
equation the terms

BraiBis B B, (14.8)

should be deleted. (They occur for /=1 and /= r — 2, and correspond to
g =0, r, respectively.)

However, from (1.2.12b) and (1.4.4) it is clear that the terms (1.4.8)
vanish for the unrestricted model. It follows that (1.4.7), and hence the
star—triangle relation (1.4.5), is indeed satisfied by the restricted SOS
model.
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The Case When r Is Odd. The model has some special features
when r is odd, i.e., when there exists an integer n such that

r=2n+1 (1.4.9)

(Note that the hard hexagon model is such a case, with n = 2.) In this case,
there are as many even heights in the allowed range (1.4.3) as there are odd
heights. Each of the two sub-SOS models can then naturally be expressed
as a “lattice gas” generalization of the hard hexagon model. For the one
with odd heights on X sites and even heights on Y sites, define o; by

o,=1Qn—1-1), if ieX

=1(l,—2), if ieY (1.4.10)
Then the o, are integers with permitted values 0,1, ..., n — 1, satisfy-

ing
o,+to=n—-2 or n-1 (1.4.11)

for all adjacent pairs (i, j) of sites. We can regard these o, as “occupation
numbers” and use these to define the states of the system.

The SOS model weight function W is the same for all faces of the
lattice -2°, but the mapping (1.4.10) is not: it depends on whether the face
has an X or a Y site at its lower-left corner (if .27 were a checkerboard it
would depend on whether the face were black or white). It follows that W,
when regarded as a function of the occupation numbers o;, may similarly
depend on the face under consideration. In fact this does not occur,
because the function W defined by (1.2.12), (1.4.1), and (1.4.2) has the
symmetry property

W(r—Lr—m'|r—1,r—my=W({,m|l',m) (1.4.12)
Thus when (1.4.9) is satisfied, each sub-SOS model is equivalent to a

uniform lattice gas in which there must be either n — 2 or n — 1 particles on
every pair of adjacent sites.

1.5. Expressions for the Local Height Probabilities

The Rogers—Ramanujan identities naturally enter the calculation of
the sublattice densities of the hard hexagon model.*®) For the more general
case of our restricted SOS model, the analogs of these densities are the local
height probabilities:

P,=Z7'28(,a) I W(.41L..1) (1.5.1)

(i yf,m,m)
where Z is the partition function defined by (1.2.1) and the sum and
product have the same meanings as therein, /; is the height of the center site
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1 of the lattice, and a is an integer between 1 and r — 1. Thus P, is the
probability that site 1 has height @, and it follows from (1.2.1) and (1.5.1)
that

r—1

Sp=1 (15.2)

a=1

In evaluating the probability P,, we suppose initially that the lattice .
is planar (i.e., not wound on a cylinder or torus) and finite, and fix the
boundary heights to have the values they would assume in a particular
ground state configuration [i.e., a set of values of the heights that maxi-
mizes the summand in (1.2.1)]. Finally, we shall take the limit when the
lattice becomes infinitely large, all boundary sites being infinitely far from
the center site 1.

For definiteness, let us suppose that site 1 lies on the X sublattice, and
refer to sub-SOS models, states, and boundary conditions as “even” if they
have even heights on X sites, odd heights on Y sites. If the converse, then
“odd.” For every even ground state, an odd one can be formed by
interchanging the X and Y sublattices. Thus the ground states of the total
SOS model can be divided into equal numbers of even and odd ground
states.

P, will depend on the particular ground state that is chosen for the
boundary conditions. One significant but trivial dependence is that if the
ground state is even, clearly

P,=0, unless a is even (1.5.3)

Thus in this case the summation in (1.5.2) can be restricted to even values
of a. (In the other case it can be restricted to odd values.)

If there is only one even (and one odd) ground state, then we expect
the system to be “disordered.” This means that in the limit of a large lattice
we expect P, to be independent of the boundary conditions, so long as they
are even. If there is more than one even ground state, then the system is
“ordered” and P, depends on the boundary conditions.

As with the hard hexagon model, we can calculate P, by using corner
transfer matrices."®*® This is done in Appendix A, attention being focused
on the cases when v is real and — 7 < v < 37. These are the cases when the
weight function W is positive, or can be made so by an appropriate choice
of p’ and by applying a transformation of the type (1.2.14) with x = i, i.e.,
by negating 8,.

We have to distinguish the cases when v is greater or less than n, and
when p in (1.2.7) is positive or negative. Altogether this gives us four
“regimes” to consider. Labeling them analogously to those of the hard
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hexagon model, they are

regime I: -1 <p <0, n<v<3n
reg%meII: 0<p<l, n<v<3y (15.4)
regime III: 0<p <, —n<o<n
regime I'V: —1<p <0, —n<o<ny
It is convenient to define an integer ¢ such that
t=2-r, in regimes I and II
=2, in regimes IIT and IV (1.5.5)

and to define a function E(z, x) by
E(z,x)=[] (1 —x"""2)(1 = x"z " ")(1 = x") (1.5.6)
n=1

for all complex numbers z, x such that |x| < 1. This is basically an elliptic
theta function, and by Jacobi’s triple product identity (Theorem 2.8 of Ref.
16), it has the series expansion:

o0
E(z,x)= n;_w (= 1)'xntn= /2 (1.5.7)

Regimes Il and Iill. The parameter p is positive in regimes I and III,
so we can define € and x (both real and positive) so that

p=e 5 x=exp[—47r2/(re)] (1.5.8)
We find in Appendix A that
P,=S "'uX,(a,b,c;x") (1.5.9)
fora=1,...,r—1, where
u, = x(z_’)(z"_’)z/(m’)E(x“,x’) (1.5.10)
Xa(a.bc;qy= > ¢*» (L5.11)
L., I
o) = 3 jlha51/4 (15.12)
j=
S= > uX,(ab,c;x" (1.5.13)
I<a<r
Here | = {/,,1,,...,1,,,} 1s a set of integer heights satisfying the restric-
tions
1<h<r=1, |, —1=1 (1.5.142)

for j > 1. The summation in (1.5.11) is over all allowed values of
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Ly, ..., 1, the end heights /,,/ . ,,l, ,, being fixed at the values
l,=a, L oo1=0, l.,,=c (1.5.14b)
Thus a, b, ¢ must all lie in the range 1,2, ..., r — 1, and must satisfy
|b—c|=1, m+ a— b=even (L.5.15)

We can verify the symmetry properties

ur—a = ua ?

Xu(r—ar—>br—cq)=X,(a,b,c;q) (15.16)

which are consequences of the symmetry (1.4.12) of W.

The heights /,, ..., /,,, correspond to the heights of sites on the
center row of ., starting at the center site 1 and moving rightwards to the
boundary. Thus /, , , and /,,, ,, i.e.,, b and c, are boundary heights, and are
to be fixed according to the ground state chosen for the boundary condi-
tions.

In a ground state, the values of /;, ..., /,,, are such as to maximize
the summand in (1.5.11). In regime III, ¢ is positive, so |g| < 1 and the
ground states are obtained by minimizing ¢(I). Plainly this is achieved by
taking

=1y, if jis odd
Iy, if jiseven (1.5.17)

where I, /, are any two integers satisfying |/, — /| =i, 1 < /,,/, <r—1
There are 2r — 4 such values of /, and /,, so there are 2r ~ 4 ground states,
of which » — 2 are even and r — 2 are odd. (For the hard hexagon model,
with r=25, this gives 5—2=3 ground states, in agreement with the
observation of Huse® )

We remark in Appendix A that all ground states (for all regimes) are
mmvariant under uniform shifts in the southwest to northeast diagonal
direction. We can use this to obtain the ground state heights on all rows of
2, given the heights /,, ...,/ ., on the center row. From (1.5.17) it

m

follows that in regime II a ground state has
=Ly, if jex
=1y, if jEY (1.5.18)

for all sites j of the lattice.

In regime II, ¢ is negative and the ground states maximize ¢(l). This is
achieved by taking the /; (for the linear sequence /y, . .., /,,,) to increase
in unit steps to r — I, then decrease to 1, then increase again to r — 1, and
so on. More precisely, let j, be any integer from 1 to 2r — 4 and, for given j,
let

k=j—jo, mod(2r—4) (1.5.19a)
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(thus 0 < k < 2r — 4). Then
L=1+lk—r+2 (1.5.19b)

There are 2r — 4 such sequences, depending on the value of j,, so there are
2r — 4 ground states, as in regime I11.

In these regimes II and III there are as many ground states as there are
permitted values of b and ¢, with |6 — ¢| = 1. Thus we can either select a
ground state and then evaluate b and ¢ from (1.5.14b), or we can choose b
and ¢ and then determine the corresponding ground state.

As remarked above, we ultimately want to calculate P, in the limit of
an infinitely large lattice. This corresponds to letting m— oo in (1.5.9)-
(1.5.15), while keeping the ground state [i.e., [y and /, in (1.5.17), or j, in
(1.5.19)] fixed.

Regimes | and IV. In these regimes p is negative. We now define €
and x (both real and positive) by

€

p=—e5  x=exp(—27>/re) (1.5.20)

(For the hard hexagon case, this x is the square of that used in Refs. §, 9,
and 20.) We find that

P,=T 'v,Y,(ab,c;x™") (1.5.21)
fora=1,...,r— 1, where
v, = x[(’—‘>’_(”2)“]“/2rE(x”, — xr/2) (1_5_22)
Y. (a,bc;qy= > g*® (1.5.23)
Ly ., I
y(h) = 21 FH(L L) (1.5.24)
j=
T= 3 vu,Y(abc;x™ (1.5.25)
I<a<r
Here 1 and the /,, .. ., /, summation have the same meaning as in (1.5.14).
The function H(/,/’,1") is defined by
H(LI',1")=0, if [#1” (1.5.26a)
H(l,1+1,1)y=0, if 1<r/2
=1, if 1>r/2 (1.5.26b)
H(l-1,1)=1, if /<r/2
=0, if I>r/2 (1.5.26¢)

These formulas (1.5.20)-(1.5.26) apply regardless of whether r is even
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or odd, but only when r is odd do we have both the symmetries
Y, (r—a,r—>b,r—c;q)=7Y,(ab,c;q) (1527)

[which are analogous to (1.5.16) and consequences of (1.4.12)]. Further,
there are complications in discussing the ground states when r is even.
(Both these difficulties arise because the corner transfer matrices are not
diagonal in the limit x =0 when r is even: the necessary diagonalization
means that if /;_,; =1, =r/2, then / is merely an eigenvalue label and
does not correspond to a height on the lattice.)

For r odd, the ground states are then of the form given by (1.5.17) and
(1.5.18). For regime I we want to minimize (1), which corresponds to
taking

(I, ly)y=(n,n+1) or (n+1,n), where n=(r-1)/2 (1.5.28)

0,

r—a = U

a >’

Thus there are just two ground states, one for each sub-SOS model, and we
expect the system to be disordered.

For regime IV we want to maximize /(I), which corresponds to taking
ly,ly to be any pair of integers in the range 1,...,r— 1 satisfying
|ly — Iy| = 1, except for the values (1.5.29). Thus there are 2r — 6 ground
states in regime IV.

2. EVALUATION OF THE PROBABILITIES P,

2.1. General Comments

We have obtained the expressions (1.5.9), (1.5.21) for the local height
probabilities P,, involving the m-fold sums X, and Y,, defined by (1.5.11)
and (1.5.23). Our object in this part is to obtain more tractable expressions
for X, and Y,,, considered as functions of their argument ¢; and to study
the limit m — co. In this limit we find that X, and Y,, are actually modular
forms (p. 114 of Ref. 25). Indeed the results in regimes I, III, and IV are
sums of at most two simple quotients of elliptic theta functions (Ref. 18,
Chap. 21). Regime II yields multidimensional theta series.

Our approach is to first keep m finite, and show that X, and Y,, can
be written as sums of Gaussian polynomials. This treatment has its genesis
in Ref. 26, which in turn was suggested by I. Schur’s original treatment of
the Rogers—Ramanujan—Schur identities.>” While this approach may be
more cumbersome than the one used for regimes I, III, and IV of the
original hard hexagon model (Ref. 10, pp. 432-443), it does seem essential
in this more general setting. In particular the classical theory of ¢-difference
equations and g series®®?? appears barely adequate (see Appendix B) to
handle regime II via polynomials. Unfortunately we do not know what the
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Rogers—-Ramanujan-type “series product” identities are for either regime I1
or IV except when r = 5 [Eqs. (14.5.22) and (14.5.50) of Ref. 10]. We hope
to discuss the Rogers—Ramanujan aspects of regimes I and IIT in a
subsequent paper; indeed the appropriate identities for regime I are given
in Ref. 30 and in Eq. (7.3.7) of Ref. 16.

2.2. Gaussian Polynomials

The Gaussian polynomials (which we shall use for calculating X,,, ¥,,,)
are defined as

M

We shall use the subscript ¢ only when confusion might otherwise arise.

It is easy to prove (by mathematical induction on N) that these are
indeed polynomials in 4. One merely utilizes either of the fundamental
recurrences (p. 35 of Ref. 16)

M 1— N-M+j

HE S
Ml =1 1-¢
=0 otherwise (2.2.1)

, OKM<LN

A e
R R 229
In addition to the recurrences, we need that
[AJ‘H=[NI_VM] (2.2.4)
[1]\\’4](1: q*MW—M{ZL (2.2.5)
and for |g| < 1,
m [N M= 0g) (2.26)
where
o)=L (-4 @27)

n=1
We shall also use the notations

n—1

(4),=(4;9),= Ho(l — ¢/A). (2.2.8)
j=
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Thus in particular

@=L (-9 =0(9) (2.2.9)
j= .
Two simple identities that we shall use are
(A) s = (4),,(974), (2.2.10)
(4), = (_A)nq(l/Z)n(n—l)(ql—nA —1)n @2.2.11)

2.3. Regime Nl

We shall consider the regimes in order of difficulty: regime IIT is the
casiest to handle and provides a good prototype for subsequent work.

The function X, (a, b, c; g), or simply X, (a,b,c), is defined by (1.5.11),
(1.5.12), and (1.5.14). By examining admissible sequences of {/,,...,/,}
and splitting them into two classes according to whether /[, =5 —1 or
I, = b+ 1, we see that the X, (a,b,c) are totally defined by the following
recurrences and initial values (m >0, l < a < r—1):

X, (a.b,b+1)=X,_(a,b+ 1,b)+¢"X, _(a,b—1,b),

m

1<b<r—2 (23
X (a,b,b—1)=X, _(a,b—1,b)+q"X,,_,(a,b+ L,b),

m

2<b<r—1 (232

X(a,0,1y=X, (a,r,r—1)=0 (2.3.3)
Xo(a,b,c) =1, if a=b and c=b=x1
=0, otherwise (2.3.4)

Our main object is to show that as m—>oc0, X, converges to a
difference of two theta series divided by Q(g).

Theorem 2,.3.1. Form>0,1<a,b,c<r,c=bx1,m+a—>ban
even integer,

X,(a,b,c) = q(“z_”)/“{Fm(a, b,c) — F,(—a,b,c)) (2.3.5)
where

m
s(m+a—by—rA

(2.3.6)

o0
Fm(a,b,c) — Z q(rf])}\(r/\—a)+[bc+(2r>\—a)(b+c~1)]/4
=—0
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[Because of the definition (2.2.1), for given m,a,b there are only a finite
number of nonzero terms in the A summation.]

Proof. Since (2.3.1)—(2.3.4) uniquely define the X, (a,b,c), we need
only show that the right-hand side of (2.3.5) satisfies the same conditions.
Now

F,(a,b,b+ 1)~ F,_,(a,b + 1,b)

(r—=DA(AA—a) +b(b+1+4rA—2a) /4

Ms

‘1

m—1

{ (m+a—b)—r}\] {%(m+a——b)—l—r>\” (2.3.7)
Using (2.2.3) to simplify the bracketted difference of Gaussian polyno-
mials, it follows at once that
F,(a,bb+1)—F, ((a,b+1,by=¢q"/?F,_(a,b—1,b) (23.8)
Similarly,

F,(a,b,b— 1) = F,_,(a,b — 1,b)

§ q(r—l))\(r}\—a)+(b*1)(b+4r}\—2a)/4

A=—00

x{[l SN }—[l e H (23.9)
l(m+a—-b)y—r\ Im+a—-b)y—rA
and on using (2.2.2) we obtain

F,(a,b,b—1)~F, ((a,b—1,b)=q"/?F, _(a,b+1,b) (2.3.10)

Thus F,,(a,b,c) satisfies the linear recurrence relations (2.3.1) and
(2.3.2). Since these are independent of a, so does F, (—a,b,c), and hence
the expression (2.3.5) for X,,(a,b,c).

It remains to verify that (2.3.3) and (2.3.4) are satisfied. From (2.3.6)

- - rA—a m
Foa0ly= 3 g Do >[%(m+a)_r}\} (2311

A= —o00

1\ = < (r=DA+1/2[r(A+1/2) —a) m
Fp(arr—1l)y= 3 gmborarerys b(m+a)~r(>\+1/2)
(2.3.12)

Using (2.2.4) and replacing A by —A, —1 — A, respectively, in these two
equations, we find that

F,(a,0,1)=F,(—a01), F.(a,r,r— HY=F, (—arr— l) (2.3.13)
From (2.3.5) it follows immediately that (2.3.3) is satisfied.
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Finally, from (2.2.1) and (2.3.6), F(a,b,c) will be zero unless a = b
(mod 2r). Remembering that 1 < a,b < r, from (2.3.5) we obtain

Xo(a,b,c) = q("z_")/“Fo(a,a,c)ﬁa,b (2.3.14)
where, as in part I,
8,,=90(a,b)=1, if a=5b
=0, otherwise (2.3. 15)

For Fy(a,b,c), the only nonzero term in the summation in (2.3.6) is that
with A = 0; hence

Fo(a,a,c) = gla= /4 (2.3.16)

It follows that (2.3.4) is also satisfied, which completes the proof of
Theorem 2.3.1. W

We now go on to consider the limit m — co. From (1.5.9), the argu-
ment g of the function X, (a,b,c; q) is ¢ = x'. From (1.5.5), = 2 in regime
III, so here we have

gl < 1 (2.3.17)

We shall need the function A(a,d;q), defined for 1<a<r—1,1<d
<r—2by

0
A(a,d; q) =>\ 2 qr(r—l))\z+rd>\+a(a—l)/4
=—

% {q—(r—])a)\~(l/2)ad_ q(r—l)ah‘r(l/l)ad o (23.18)
e, using (1.5.7),
Aa.d; g) = g™ D/4 g~ (VDHE] —glrm b gy ]
— gU/Dedp[ — glrrat—D+rd gt ") (23.19)

Theorem 2.3.2. Forl<a,b,c<r,c=b=+1,
Ii_r)nooXm(a,b,c) = Q(q)*lqbc/“A(a,%(b +c=1); q) (2.3.20)
where the limit is taken through values of m with same parity as a — b.

Proof. This is a direct consequence of Theorem 2.3.1. One merely
applies (2.2.6) to the Gaussian polynomial in (2.3.6), then uses (2.3.5) and
(1.5.7). The passage to a limit inside the summation in (2.3.6) is easily
Jjustified due to the uniform boundedness of the Gaussian polynomial inside
lg] <1 — e and the rapid absolute convergence of the A series caused by the
exponent on ¢ being quadratic in A.
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We must distinguish the case in which the large-m limit is taken
through even values of m — b from that in which it is taken through odd
values. In the former case a must be an even integer (we have the “even
sub-SOS model” discussed in Section 1); in the latter case @ 1s an odd
integer (the “odd sub-SOS model™).

Substituting (2.3.18) into (1.5.9) and (1.5.13), using (1.5.5), we find that
the local height probability P, tends to a limit as m-> oo, being given by

P, = u,\a,d; x?) / > ugl(a,d;x?) (2.3221)

I<a <r—1
where
d=i(b+c—1), 1<d<r—2 (2.3.22)

and a,a’ are either both even integers satisfying 1 < a,a’ < r — 1 [this is the
“even” case (1.5.3)], or are both odd integers satisfying 1 < a,a’ < r — 1.

Allowing for these even and odd cases, and noting that the integer d
takes » — 2 values, we see that there are 2r — 4 different functions 2, given
by (2.3.21). These correspond to the 2r — 4 ground states (1.5.17). B

2.4. Regime |

The results for this regime closely parallel those of regime III. Our
work is slightly more complicated owing to the intricacy of the summands
in the definition (1.5.23)-(1.5.26) of the relevant polynomials Y, (a,b,c;q).

As before, we examine admissible sequences of /,, ...,/ satisfying

> "m

(1.5.14), and split them into two classes according to whether /, = 5 — 1 or
[, = b+ 1. Writing the polynomials ¥, (a,b,c;q) simply as Y, (a,b,c) we
find that they are completely defined by the following recurrences and
initial values (m >0, 1 < a < r):

Y (a.b,b+1)=7Y, ((ab—1,b)+ g™ VY, _ (a,b+1,b),

I<b<sr-2 (24.))

Y, (a,b,b—1)=7Y, (a,b+1,b)+ g™ XDy (a,b-1,b),
2<bh<r—1 (242
Y,(a.0,1)=7Y, (a,r,r—1)=0 (2.4.3)
Yo(a,b,b £ 1)=3§,, (2.4.4)

where x(i) is the characteristic function of all numbers < #n:
x(i)y =1, if i<n

=0, if i>n (2.4.5)



Eight-Vertex SOS Model 215

and n is the integer part of r/2, ie,,
n=(r-1)/2, if rodd
=r/2, if reven (2.4.6)
We shall in fact find that we can solve (2.4.1)-(2.4.5) without using
(2.4.6); so in this section and the next we shall ignore (2.4.6) and allow n to
be any integer in the interval | < n < r—2.
Note that x(b+ 1)=1—x(b—1)=0 for b=n and for b=n+ 1.

For these values of b it follows that the right-hand sides of (2.4.1) and
(2.4.2) are the same and hence

Y, (a,b,b—1)=17Y, (abb+1), b=nn+1 (2.4.7)

We shall need the following two functions:
a(a,b,cy= —2a+5r(b—c+3)—rx(c) (2.4.8)
B(m;a,b,c)y=L(b—c+1)(m+b—a)—la+ %x(c)[m(c —b)y+a-—- b]

(2.4.9)

Lemma 2.4.1. For a, b integers,
a(a,b,b +1)=a(a,b—1,b), b+*#n (2.4.10)
B(m;a,b,b+1y=p(m—1l;a,b - 1,b), b#n (2.4.11)
a(a,b,b—1)= a(a,b + 1,b), b#n+1l (24.12)

B(m;a,b,b—1)=B(m—1l;a,b+ 1,b), b#n+1 (2.4.13)
a(a,b—1,b)y=a(a,b+ 1,b),—r (2.4.14)
B(m—1;a,b—1,b)y=B(m—l;a,b+ 1,b), + }(a— b — m)+ mx(b)

(2.4.15)

Also, for a an integer and b=n or n + 1,
a(a,b,b—1)=a(a,b,b+1) (24.16)
B(m;a,b,b —1)= B(m;a,b,b+ 1) (2.4.17)

These lemmas follow directly from the definitions (2.4.8) and (2.4.9).
The following five lemmas contain the results necessary to provide
expressions for the Y, (a,b,c); they each concern the polynomial
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G,(a,b,c), defined by (m — a — b an even integer)
3 (@b, A+ B(miabic) m
— rA“+a(a,b,c)A+ B(m;a,b,c
Gu(a:b,c)= 2 ¢ t(m+a—b)—ri

A= —00

(2.4.18)

Lemma 2.4.2. For a and b integers, with b # n,
G,(a,b,b+1)= G, _(ab—1,b)+ ¢"™** VG, (a,b+1,b) (2.4.19)

Proof. Using (2.4.10) and (2.4.11),
G.(a,b,b+1)— G, (a,b—1,b)

n

[ee]
- z qer2+a(a,b~ LEA+ B(m—1;a,b— 1,b)
A= 00

m m—1
x{ %(m"'a_b)“r}\}‘{%(m+a—b)—r}\” (2.4.20)

Using (2.2.2) to simplify the bracketted difference of Gaussian polynomials,
then using (2.4.14) and (2.4.15) and comparing the result with (2.4.18), we
find that

G,.(ab,b+1)— G, (a,b—1,b)=qg"DG,_\(a,b+1,b) (2421)
Noting that x(b) = x(b + 1) for b # n, we obtain (2.4.19). R

Lemma 2.4.3. For ¢ and b integers, with b % n + 1,
G,(a,b,b—1)— G, _,(a,b+1,b)=qg"'x=DIG __ (a,b—1,b)
(2.4.22)

Proof. The proof parallels that of the preceding lemma. We use
(2.4.12) and (2.4.13) to write the left-hand side of (2.4.22) as a sum
involving the difference of two Gaussian polynomials then use (2.2.3) to
express this difference as a single polynomial, and finally use (2.4.14),
(2.4.15) and the fact that x(b) =x(b — D) forb#n+1. M

Lemma 2.4.4. Forb=nand b=n+1,
G,.(a,b,b—1)=G,(a,b,b + 1) (2.4.23)

This follows at once from (2.4.16) and (2.4.17).
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Lemma 2.4.5. For any integer a,
G,(a,0,1)= G,(—a,0,1) (2.4.24)
G, (a,r,r—1)=G, (—a,r,r—1) (2.4.25)

Proof. From (2.4.8), (2.4.9), and (2.4.18),

< A —2aA+LIm m
G, (a,0,1)= > g W+ { L(m+a)— r}\} (2.4.26)
A=—o00 2
0 ) m
G (arr—1)= 2(A+1/2)> = 2a(A+1/2) +(1/2)m
m(ar,r—1) A;_wq Ym+a)y— r(A +1)
(24.27)

Using (2.2.4), we observe that the right-hand side of (2.4.26) is unchanged
by negating a and A. Similarly, the right-hand side of (2.4.27) is unchanged
by negating a and replacing A by —A — 1. The symmetries (2.4.24) and
(2.4.25) immediately follow. W

Lemma 24.6. Forl<|a,b<r,andc=b=*1,
Go(a,b,c)y=q~ /%, (2.4.28)

Proof. From (2.2.1), when m = 0 the Gaussian polynomial in (2.4.18)
vanishes unless a — b = 2rA, which can happen only when a = b and A = 0.
Using (2.4.8) and (2.4.9), the summand in (2.4.18) then has value ¢~ /2.
The result (2.4.28) follows. B

We are now in a position to state and establish our result for the
function Y,,(a, b, c).

Theorem 2.4.7. For m>0, 1<ab,c<r, c=b=*1, and b -
a — m an even integer,

Y, (a:b,c)=q°*[ G, (a,b,c) = G,(—a,b,c)] (2.4.29)

Proof. Since Y,,(a,b,c) is completely defined by the recurrences and
boundary conditions (2.4.1)-(2.4.4), we need only show that they are
satisfied by (2.4.29). From Lemma 2.4.2, the recurrence relation (2.4.1) is
satisfied (for b # n) by Y, (a,b,c) = G, (a,b,c). Since the relation is un-
changed by negating q, it is also satisfied by Y,,(a,b,¢)= G, (—a,b,c).
Since it is linear and homogeneous, it is also satisfied by (2.4.29).
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Similarly, Lemma 2.4.3 implies that Eq. (2.4.2) is satisfied by (2.4.29)
for b# n+ 1, while Lemma 2.4.4 implies that Eq. (2.4.7) is satisfied for
b=nn+1.

Thus when b = n we have proved that (2.4.2) and (2.4.7) are satisfied.
Since (2.4.7) was obtained by eliminating the right-hand sides of (2.4.1) and
(2.4.2), it follows that (2.4.1) is also satisfied for b = n. Similarly, (2.4.2) is
satisfied for b = n + 1. (In fact, Lemmas 2.4.2 and 2.4.3 are valid forb=n
and b = n + 1, but their proofs are then different from those given above.
We have introduced (2.4.7) to avoid the need to give the proofs for these
special cases.)

Thus the expression (2.4.29) for Y, (a,b,c) satisfies the recurrences
(2.4.1) and (2.4.2) for all allowed values of . From Lemmas 2.4.5 and 2.4.6
it is easily seen that the boundary conditions (2.4.3) and (2.4.4) are also
satisfied. This completes the proof of Theorem 2.4.7. W

The Limit m > 0. We now want to take the limit m —> co. From
(1.5.5) we see that + < 0 in regime I, so from (1.5.21) the argument g of our
function Y,,(a, b, c; ) is numerically less than 1:

g < 1 (2.4.30)

We have essentially four cases to consider: c = b * 1, x(¢) =0, or 1. In
order to avoid digressions during the proofs of the main results, we first
prove the following lemma, using the definitions (2.2.1), (2.2.8), and (2.2.9).

Lemma 2.4.8.
: —m/2 m m
Jim g /{{%m+3]~{;m+3+b”

=(1-¢")g 2" = ¢"*Y/[(1-a)(g),] (431

Proof. Set m = 2k and note that
(2] L)
k+B| |k+B—b
_ %Ef 2%k ] 2% ]
T kB kB

b—1 —B—j __ ,B+j+l1
s @Duld 1 ) (2.4.32)

S0 DisnejerDi-s;
using the definitions (2.2.1) and (2.2.8). Taking the limit k— o, the
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right-hand side becomes

b—1
2 (47" - "N/ (@), (24.33)
“

Performing the j summation, we obtain (2.4.31), as desired.

We shall save space in the subsequent developments if we define
“lim,,_,,,~ to mean the limit restricted to those values of m of the same
parity as a — b.

Theorem 2.4.9. Leta and b be integers, | < a < r, 1 < b < n. Then

li —my ( bb+1 ql_b(l _ qb) i g/ D p+1) ~ap
m g w(a,b, =— — £ A
i )T T @), w20

=q¢' (1 - ¢*)E(q°9")/[(1 = 9)(q)., ]
(2.4.34)

where the sum is over all integers u, and the function E(x,z) is given by
(L.5.7).

Proof. We begin by noting that for 1 < b < n,
a(a,b,b + 1)= —2a, B(m;a,b,b+ 1)=1L(m—b) (2.4.35)

Using these expressions in (2.4.18) and (2.4.29), negating A in G, (—a,b,
b + 1) and using (2.2.4), we obtain

[+¢]
Ym(aabab + 1) B Z q2r>‘2"2“>\+%(m—b+a)

=—00

m m
x {[5(m+a-—b)—r)\]_{;(m+a+b)——r}\”
(2.4.36)
Taking the limit m — oo, using (2.4.31), we obtain
”}i_r)rgoq“’”Ym(a,b,b + 1)
1-b by
g "(1-9") & ,» (r—2a)A ~(r+2a)A
= r rTran  gamirtaa 2.4.37
T @, 2ol 7 I @4

Splitting the summation into two series, taking A = u/2, (g even) in the
first, and taking A = (u + 1)/2 (¢ odd) in the second, we obtain the desired
result (2.4.34). W
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Theorem 2.4.10. lLeta and b be integers, | < a<r,n< b <r—2.
Then

dim Yo(a.bb+ 1) =[(q), ] 3 (~Dq ot

= E(4“.a")/(q),, (2438)

Proof. 'This case is simpler than the previous, in that we can use the
elementary formula (2.2.6), rather than the more sophisticated Lemma
24.8.

Since n < b < r — 2, we have

a(a,b,b+1)y=r—2a, B(mabb+1)=—1La (2439
From (2.4.18) and (2.4.29), letting m —> oo and using (2.2.6), we obtain
: . - 00 2rN2+PAp o —2ah _  2ah+a
Jm Y, (abb+1)=[(g),] 2 ¢4 g ") (2440)

1

A= —00
Splitting this series into two, setting A = p./2 in the first, and (—p — 1)/2 in
the second, we obtain the desired result (2.4.38).

Theorem 2.4.11. Let g and b beintegers, 1 < a<r,2< b<n+ 1.
Then

lim Y,,(a,b,b = 1) = E(g%.4")/(4),, (2441)

Proof. We merely note from (2.4.8) and (2.4.9) that
a(a,b,b—1)=r—2a, B(m;a,b,b—1)=—1a (2.442)

These are the same expressions as those in (2.4.39), so the proof proceeds
exactly as for Theorem 2.4.10. W

Theorem 2.4.12. letag and b beintegers, 1 <a<rn+2<b<r.
Then

lim g™"Y, (a.b,b = 1)=¢'"""*(1 - ¢""")E(q%.q")/[(1 = 9)(9),, ]
(2.4.43)

Proof. In this case
a(a,b,b—1)=2r - 2a, B(m;a,b,b—1)=L5(m+b—2a) (2.4.44)
Using (2.4.18) and (2.4.29); negating A in G,,(a,b,b — 1) and using (2.2.4),
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while replacing A in G,,(—a,b,b — 1) by A — 1, we find that

Y,,,(d,b,b—l): i q2r>\2,2(r—a))\+%(m+b_a)

A= —oc0
m
%(m—a+b)—r}\}

|
‘[ Lim+2r T b) — r)\” (2.4.45)

The right-hand side of this equation is the same as that of (2.4.36), but with
a,b replaced by r — a,r — b. Making these replacements throughout Theo-
rem 2.4.9, and using the identity

E(z,x)=E(x/z,x) (2.4.46)

we at once obtain our desired result (2.4.43). W

The last four theorems give the limiting behavior of Y, (a,b,c) as m
becomes large, for all integers a,b,c¢ such that 1 < a,b,c<r—1, ¢c=
b = 1. Note that in every case the appropriate limit factors into the form

E(g“ q") X [function of b, ¢,q] (2.4.47)

Substituting the appropriate limiting forms of Y, (a,b,c) into (1.5.21)
and (1.5.25), it follows that P, tends to a limit as m—> o, and that the
function of b,c,q in (2.4.47) cancels out of the final expression for P,,
leaving

P,=v,E(q°q") /1 Z 1va,E(q“',q’), (2.4.48)
<a' <r—

where, as in regime III (and indeed in all regimes), a and a’ are either both

even integers, or are both odd. From (1.5.21) and (1.5.5), the argument ¢ of

Y, (a,b,c; g) is here related to the parameter x by

g=x""? (2.4.49)

We see that the limit (2.4.48) is indepedent of the values b,c of the
boundary heights /., |,/ ,. [It is even independent of the integer », which
as we mentioned after (2.4.6) can be regarded in this section as an
independent integer.] This indicates that the model is disordered in regime
I, and is consistent with the fact that there are then just the two ground
states (1.5.29).

2.5. Regime IV

We now come to our first exploitation of the duality principle that was
utilized for treating the Rogers—Ramanujan-type identities occurring in the
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original hard hexagon model.?® In this regime we see from (1.5.5) that
t >0, so from (1.5.21) the argument g of the polynomial Y, (a,b,c;q) is
now greater than 1. Our interest therefore now centers on the polynomials
reciprocal to those of regime 1.

Throughout this section we shall write y, (a,b,c) for Y, (a,b,c) with g
replaced by q'l, and g,(a,b,c) for G,(a,b,c) with g replaced by q”]. As
before b~ a— mis evenand c=b *+ 1.

It is convenient to define

y(m;a,b,c) = 1(a— b)’— B(m;a,b,c) (2.5.1)

Lemma 2.5.1.

o0
qm2/4gm(a’ b, C) = qv(m:a,b,C))\ z qr(r—Z))\z—[a(a,b,c)+ra—rb])\
= — o0
m

X f(m+a—b)y—rA (25.2)

Proof. 'This follows immediately by applying (2.2.5) to (2.4.18). &
As in section 2.4, we shall denote by lim,,_,., the limit taken through
those integers m of the same parity as a — b.

Lemma 2.5.2.

lim ¢"/%,.(a,b,c)

m—>c0

- ol Hr— 2 r 7la
=Q(q) 1)\2 q( DA +rbA — 5

= -~ 00

X {qy(m;a,b,c) —[a(a,b,c) -;—ra]}\ _ qy(m; —a,b,cy —~[a( —ab,c) -ra])\} (253)

Proof. This follows from applying (2.2.6) to (2.5.2), and using
(2.4.29) with g replaced by ¢~ '. W
The result (2.5.3) can be simplified by defining two further functions:

t(b,c)=5(c~b— 1)+ x(c) (2.5.4)
for1<bc<r—1,c=5b=1; then
T(a,d; q) — i qr(r~2)>\2+rd}\+(a-—d-1)2/4{q—(r—2)a)\ _ q(r—2)a}\+ad }

=~ 00

(2.5.5)



Eight-Vertex SOS Model 223

forl<a<r—1land 1 <d<r—3. Using (1.5.7), we can write (2.5.5) as

F(a, d; q) — q(ard—1)2/4{El: _qr(r~2+d)~(r-—2)a, qu(r*Z):I

_ qadE[ _ qr(r—2+d)+(r—2)a, q2r(r—2)]} (256)
The function 7(b,c) is an integer, with values — 1,0, 1.
Lemma 2.5.3.

lim gl * MO/ (a. b ey=T[a,b+1(b,c)—1;4]/0(q) (2.5.7)

m-—>00

Proof. This is just a restatement of Lemma 2.5.2, as is most easily

verified by explicitly considering the four cases c=bx 1, c < norc> n.

n

From (1.5.21), (1.5.25), (1.5.5), it follows that P, tends to a limit as
m—> o0, given by

P, =1v,I(a, d;xz)/ > v I(a,d;x%) (2.5.8)
1<a<r—1
where
d=b+1(bc)— 1 (2.5.9)

and a,a’ are either both even integers (the “even” sub-SOS model), or are
both odd integers (the “odd” sub-SOS model).
We note that P, depends on d. From (2.5.5) and (2.4.5),

d=b, if b+1l=c<n
=bh-1, if b+l=c>n

. (2.5.10)
=p—1, if b—1l=c<n
=bh-2, if b—1l=c>n
Since 1 < b,¢ < r— 1, we see that 4 is an integer satisfying
I1<d<r-3 (2.5.11)

Thus d takes only r — 3 values. Allowing for the two possible sets of values
of a (even or odd), it follows that there are 2(r — 3) functions P,, corre-
sponding to the 2r — 6 ground states in regime IV.

2.6. Regime II

This is by far the most complicated of the regimes. From (1.5.5) we see
that 7 <0, so from (1.5.9) the argument g of the function X, (a,b,c;q) is
greater than 1. We are therefore interested in the polynomials (in ¢'/?) that
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are reciprocal to those of regime III, which we can define as
Xn(a,b,¢) = x,(a,b,c;q) = q”'(’”“)/“Xm(a, beig”)  (26.0)

From (2.3.1) and (2.3.2) we see that the x,,(a,b,c) satisfy the recur-
rences (m >0, 1 < a < r):

Xu(a,b,b+ 1) = g™, _(a,b+1,b) + x,,_,(a,b—1,b),
1<b<r—2 (262)
X, (a,b,b—1)= q""*x,,_ (a,b — Lb)+ x,,_(a,b + 1,b),

2<b<r—1 (263)

Lemma 2.6.1. Form>0, 1 <ab,c<r,c=bxl, m+a—> an
even integer

X, (a,b,c) = q('"”*b)”{fm(a,b,c) — fu(—a,b,c)} (2.6.4)
where

o0
_ AP ah+(b+1—c)(2rA+b—a) /4 m
Ju(@:b,0) }\2 9 ’ t(m+a—by—rA

N (2.6.5)

Proof. This follows immediately on replacing ¢ by ¢~ ' in Theorem
2.3.1 and using (2.6.1). W

Remarks on Procedure. Using (2.2.6), we can casily verify that
f.(a,b,c) tends to a limit as m— co. Unfortunately this limit is an even
function of a (this follows by replacing A by —A, or by —A — 1), so the
expression { f,(a,b,c) — f,,(—a,b,c)} in (2.6.4) vanishes.

This is still true even if we expand the Gaussian polynomial in (2.6.5)
in increasing powers of q’“/ 2 and keep a finite number of terms in the
expansion, which is basically the method we employed in regime 1. (We
shall in fact find for large m that { f,(a,b,¢) — f,(—a,b,c)} is ¢ raised to
the power of a quadratic form in m, which accounts for the failure of this
method.)

We therefore need a more sophisticated procedure to determine the
large-m behavior of x,(a,b,c), and it is this that makes regime II so
difficult. We shall begin by showing that x,(a,2,1) can be expressed in
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terms of the function

N
on(gw,s;dy, ..., d)= > quﬂ_wa*f
j=o0

X (=" W) [0, )) ! (266)

where N,s are nonnegative integers and we are using the notation (2.2.8).

We shall further show that one of d,, . . ., d, is equal to the argument
g, while another is equal to ¢/w. As is shown in Appendix B, the function
py is then proportional to a special case of a “well-poised g-hypergeometric
series” (82932 Its behavior in the limit N - oo is determined in Appendix
B, using a standard theorem for such series (Theorem 4 of Ref. 29).

Using this result (Theorem B5), we can evaluate x,,(a,2, 1) in the limit
of m large. We then obtain the limits of all the x,,(a, b,c) by sequentially
solving the recurrence relations (2.6.2), (2.6.3) for x,(a,1,2), x,(a,3,2),
x,(a,2,3),...,x,(a,r—2,r—1). Finally we identify our results when
r =5 with those of the original hard hexagon model.*!?

Evaluation of x,(a,2,1) in the Limit of m Large. We begin by
expressing x,,{a,2, 1), for m + a an even integer, in terms of the function
py. We shall need the integers u, v, Ay, A, N, defined by

fm—ay+l=rag+u, O0<u<r (2:6.7)
s(m+ay+1l=r\+o, O0<o<r (2.6.8)
N =7+ A, (2.6.9)

Adding (2.6.7) and (2.6.8), we see that m, N,u + v are related by
m+2=rN+u+o (2.6.10)

Theorem 2.6.2. Forl<a<r,m>0, m+ aeven,

Xm(@:2,1) = L (a)on(g,9° “r;q" ,q" 2 ..., q“") (2.6.11)
where

r)\ﬁ+(a—r))\0+(m+2—a)/4(q)

(9).(9),

L,(a)= el (2.6.12)
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Proof. Using Lemma 2.6.1, negating A in f, (—a,2,1,),

xm(a’ 2, 1) = q(m+2—,1)/4 § qr>\2+(r—a))\

A= —o0
m aeon m
X{ %(m+a)—l—r}\}“q {%(m+a)+l—rk”
(2.6.13)
The summand in (2.6.13) is zero unless
—d(m—a)y—1<rAA<i(m+a)+1 (2.6.14)

The definitions (2.6.7) and (2.6.8) are arranged so that —A, is the smallest
value of A in the range (2.6.14), while A, is the largest. Thus we can restrict
the summation in (2.6.13) to

~Ag A <A, (2.6.15)
From (2.2.1) it is readily verified, for —1 < k < m + 1, that
1 — 2k—-m
[km 1} _qZkAm[kml]___ ( q )(q)m+1 (2.616)
- + (Die lD e iors

Using this identity, (2.6.13) can be written as

Ay
xm(a,Z, 1) = q(m+27a)/4 2 qr>\2+(r—a))\
A=—Np

(1=9"7™9),,.,
(q)(l/Z)(m+a)+ i —r)\(q)(l/2)(m—a)+ L+ A

Now we replace A by j — Ay, and use (2.6.7)—(2.6.9), (2.6.12), and
(2.2.10) to obtain

(2.6.17)

rN=2ri+v—u

N p—
xm(a’29 1) = Lm(a) 20q72+(r"’N+u—0)j 1 q (2618)
j=

u+1i v+1
(CAN FI A v

Now we note that

(qu+1)rj= (qu+1;qr)j(qu+2;qr)j R (q“"";q’)j (2619)

and similarly for (q”“),( N=j- Comparing the summation in (2.6.18) with
that in (2.6.6), we obtain the desired result (2.6.11). W

Now we want to let m — co. We shall find it convenient, both here and
in Appendix B, to adopt the convention that by

lim g,=f, (2.6.20a)

R—> 0
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we mean

nll)ngo (g./f)=1 (2.6.20b)
We shall need the function
a ,r 13
o1y = EUHIDE z9)[ 2(4)] : 2.621)
E(=24")E(—4"¢")] 2(9)]
This is an analytic function of z in the domain 0 < |z| < o0, so has a
Laurent expansion:

CI)a(z)= i nanj (2.6.22)

Jj=—o0
We shall find that we can express the x, (a,b,c) in terms of these coeffi-
cients 7, ;.

Theorem 2.6.3. For 1 < a<r, m+ a even,
; — N_r\d+(a—nPho+(m+2—a)/4—(1/2u(u+1
W}glgoxm(aﬂ, 1) = (= DYNgot@mnot(mt2=a)/4=(1/Dutu+ Dy

v—u,—N—u

(2.6.23)

Proof. When m—> o we see from (2.6.7)-(2.6.10) that u and v
remain between 0 and r — 1, while N = co. Also, one of the arguments
g“*l, ..., g**" of py in Theorem 2.6.2 must be equal to ¢, while another
must be equal to ¢"*“7”. These two special arguments must be distinct,
since if # = v then (2.6.7) and (2.6.8) give a = r(A; — Ap), i.e, a =0 (modr),
which are not allowed values of a.

We can therefore use Theorem B5 to obtain the limiting behavior of p,
in Theorem 2.6.2. This gives that x,,(a,2,1) is the coefficient of z =" in the
Laurent expansion of

L,(a)(q"39" ), E(q°” “»q) H E(g""z"q")
E(z.90E(q" ", 1(959),,(4"754) (475 47),
(2.6.24)
Now we use the triple product form {1.5.6) of E(z,x) to note that
E(q""27%9")/(9%47),= (9" 27 54) (7 97, (2625)
Using the identity (2.6.19), it follows that the product over i in (2.6.24) is
simply

(4727 N(a D/ (07037, ] (2.6.26)
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Substituting this, and using the definition (2.6.12) of L, (a), with (¢),,.,
replaced by (g),,, the function (2.6.24) becomes

qr?\%+(a~r)>\0+(m+2~a)/4(qr;qr)ioE(qv—u’qr)E(qA‘uz,q)
E(z,4")E(4" "2q')(9)%,
From (1.5.6) we can readily verify that for all integers u,
E(q "z,9)=(—z)'q /"t VE(z,q) (2.6.28)
so from (2.6.21) and (2.2.9) we see that (2.6.27) is equal to
qrA%)+(a—r)>\0+(m+2-a)/4—(1/2)u(u+1)(_ Z)u(buﬂ(_ Z) (2.6.29)

(2.6.27)

Recalling that x,,(a,2, 1) is the coefficient of z~ " in the Laurent expansion
of this function (2.6.29), we obtain the desired result (2.6.23). M

The form for x,,(a,2,1) given by the preceding theorem involves the
integers Ag,v,u, N defined by (2.6.7)-(2.6.9). It turns out that we can
eliminate them in favor of our original variables ¢ and m. To do this we
need certain recurrence and symmetry properties of ®,(z) and 7, J

Lemma 2.6.4. For all integers a, and nonzero complex numbers

(I)a+r(z) = — Zq)a(z) (2630)
q)a(qrz) = ZZ—an_(l/z)”(’“l)(I)a(Z) (2631)
O, (g %) =27 /P2 () (2.6.32)

Proof. These three properties all follow directly from the definition
(2.6.21), the recurrence formula (2.6.28), and the identity [readily verifiable
from (1.5.6)]:

E(z7'.q)=—z"'E(z,q) W (2.6.33)

Lemma 2.6.5. For all integers ¢ and j,

na+r,j = - na,j~l (2634)
Najer 2= g7 "/, (2.6.35)
Na1—; = /D4 ¥ "y, (2.6.36)

Proof. Substituting the series form (2.6.22) of ®,(z) into Lemma
2.6.4 and equating coefficients in the resulting expansions, we obtain
(2.6.34)—(2.6.36). Repeated application of (2.6.34) and (2.6.35) yields the
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corollaries:

Nos iy = (= l)kna,j_k (2.6.37)

— L klr— 1/2)r Dr(r—k
Naj+(r—2k = 9 lg=a+(1/2r+(1/Drr=2) ]na,j (2.6.38)

for all integers a, j,k. W

Theorem 2.6.6. For 1 < a <r, m+ a even,

_ N2
(m+2—a) /gna,(l/Z)(a—m—Z) (2639)

”}gnwxm(a, 2,l)y=gq
Proof. From (2.6.7) and (2.6.8),
v—u=a+r(A,—A) (2.6.40)
From (2.6.37), with k = Ay — A,, it follows that

(_ 1)NTlo~u,—N—u = (_ 1)N+onxlna,—N~u~)\o+>\l
= na,—u—Z}\O (2'641)

after using (2.6.9).
Now we use (2.6.38), with j = —u — rAy and k& = A, to obtain

Al (1/2yr—a—ru—(1/2 2)A
'na,fu—Z)\(,: q o1/ r=a=rm=(1/Dr(r+2) 0]7]{1,__“..,.)\0 (2642)

so from this and (2.6.41), Theorem 2.6.3 becomes

n}i_gioxm(asz’ 1) — q~(1/2)(u+r)\0)(u+r)\0+1)+(m+2-—a)/4n (2643)

a,—u~—rhg
Note that u, A, enter this expression only in the combination u + rA,,
which from (2.6.7) is $(m ~ a + 2). The result (2.6.39) follows. W

Evaluation of x,,(a, b, c) in the Limit of m Large. Now that we have
x,,(a,2,1), we can use the recurrence relations (2.6.2) and (2.6.3) to obtain
x,,(a,b,c) in general. We first need a lemma concerning the large-j behav-
ior of n,;.

Lemma 2.6.7. For all integers a, j, define ﬁaJ by

Naj = q[(1/2)fj(j+1)~aj]/(r—2)ﬁaJ (2.6.44)
Then

ﬁa,j+ 2= ﬁa,j (2645)

Proof. This follows immediately from (2.6.35). Since 14, ; 1s periodic
in j, it is bounded, so this lemma gives the large-j behavior of 17, ;.
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Theorem 2.6.8. Forl <a<r,m+ a— b even,

lim x,(abb+1)=g " s 1< b <=2
(2.6.46a)

lim x,(a,b,b— 1) = g Ty ameny s 2<b<r—1
(2.6.46b)

Proof. From (2.3.3) and (2.6.1), x,,(a,0,1) in the recurrence relation
(2.6.2) is to be interpreted as zero. Setting b = 1 therein, we therefore obtain

(@, 1,2) = %, (@2, 1) (2.6.47)

Using Theorem 2.6.6 and Eq. (2.6.36), we can at once verify that (2.6.46a)
is satisfied for b = 1, and (2.6.46b) is satisfied for b = 2.

We now proceed by induction. Suppose that (2.6.46a) is satisfied for
1 <b<by—1, and (2.6.46b) is satisfied for 2 < b < by, where 2 < b,
< r— 2. (We have just shown this is so for b, = 2.) Setting b = b, in the
recurrence relation (2.6.3) and rearranging, we obtain

X 1(@,bo + 1,bo) = x,.(@,bg, by — 1) = ¢/ *%,,_\(a,by — 1,by) (2.6.48)

In the limit m— oo, both terms on the right-hand side are known to be
given by (2.6.46). Thus their ratio is, using Lemma 2.6.7 and temporarily
dropping the suffix on b,

qm/zxm—l(a’b - 1,0) _ q(l/Z)M(b»a*—l)na,(l/2)(m+a—b)
Xm(@, 0,0 = 1) Na,(1/2)(a~b—m)

m(r—1=5) /(r—2)a
" a—
-1 w2 (2,6.49)

ﬁa,(l/?.)(a—b——m)

Since 7, is bounded and b < r — 1, this ratio tends to zero as m — oo. Thus
we can ignore the last term in (2.6.48). Using (2.6.46b) to evaluate x,,(a, by,
by — 1), it follows at once that x,,_,(a, by + 1,by) is also given, for m large,
by (2.6.46b). Thus (2.6.46b) is true for b = b, + 1.

The second step of the inductive proof is to set b = b, in (2.6.2). Both
terms on the right-hand side are now known to be given by (2.6.46), so
(temporarily dropping the suffix on b)

a—b+1
q"’x,,_\(a,b + 1,b) _ gt!/2me=br )na,(l/z)(a—m—b)
xm-](a’b - l’b) Na(1/2)(m+a—b)
qm(bgl)/(r—Z)ﬁ

= /D@ m7D - ().6.50)

ﬁa,(l/z)(m+a—b)
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Since b > 1, this ratio tends to zero as m— oo, so we can ignore the first
term on the right-hand side of (2.6.2). Using (2.6.46a) to evaluate the
second term, we at once find that x,,(a, by, b, + 1) on the left-hand side is
also given by (2.6.46a). Thus (2.6.46a) is true for b = b,.

This completes the inductive loop. Taking by=2,3,...,r—2, we
establish the results (2.6.46). W

Throughout the rest of this section, let

j=—b+(c—bm (2.6.51)

Since ¢ = b = 1, j is either m — b or —m — b. It is an integer, and has the
same parity as a.
We shall use the function X, (g, b, ¢), defined in terms of x,,(a, b,c) by

Xu(@,b,c)y = gt/ =82 (a,b,c) (2.6.52)

This function x,, contains fractional powers of ¢, but its large-m behavior is
simpler to discuss than that of x,, itself, as is evident from the following
theorem.

Theorem 2.6.9. Forl<a<b,c<r,c=b=*1, m+ a— b ecven,

: Iy a(r— 4r—8)a
Jlim %,,(a,b.c)=gq =GBy et (2.6.53)

Proof. This is just a restatement of Theorem 2.6.8, using the defini-
tions (2.6.44), (2.6.51), (2.6.52). A

Note that m,b,¢ enter the right-hand side of (2.6.53) only via the
integer j, and that a + j must be even. Further, from (2.6.45), 7,, is a
periodic function of i, of period r — 2. Thus as m is increased (in incre-
ments of two), £, (a, b, ¢) sequentially takes r — 2 different values, returning
after r — 2 increments to its original value. Varying b and ¢ merely changes
the starting point of this cycle.

From (1.5.5)), (1.5.9), (1.5.13), (2.6.1), and (2.6.52), the local height
probabilities are given by

P,=u,%,(ab,c; q)/ > uyk,(a,b,c;q) (2.6.54)

I<a' <r—1
where a,a’ are either confined to the set of even integers (the “even”
sub-SOS model), or to the set of odd integers (the “odd” model). The
argument g is related to the parameter x of (1.5.8) (which is not to be
confused with the functions x,,(a, b,¢; ¢) and X,(a,b,c; g) by

g=x""? (2.6.55)

For m large and a fixed, there are just r — 2 different values of
X, (a,b,c; q) that can be obtained by varying m, b, and c, i.e., by varying
the boundary conditions on the lattice. From (2.6.54) it follows that for a
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given parity of a, there are just » — 2 different functions P, that can be
formed by varying the boundary conditions. Altogether this gives us 2r — 4
functions, corresponding to the 2r — 4 ground states (1.5.19).

The Case r = 5. As was shown in Sections 1.3 and 1.4, when r=35
we regain the origin hard hexagon model. Thus the results (2.6.46)-(2.6.55)
of this section should then reduce to those for regime Il of the hard
hexagon model.*1%?® From their definitions, the quantities F, (0), F, (1) in
Refs. 9, 10, and 26 are related to our functions £,,(a, b, c) by

Fi(o) = qU/Pe-D-C-R0=0/64 . ip—2(2+20,b,b+1), 1<bH<3
= g(/De=h-Q=h0=R/6¢ e b(2+20,b,b— 1), 2<bh<4
(2.6.56)

where k = 1,2,3, 6 =0, 1, and the right-hand side is to be evaluated in the
limit i-> oc.
We can take the limit i & oo by using Theorem 2.6.9, which gives
Fi (o) = gemCmRCTOVY) e ki

= q[2a—(2kk)(3‘k)]/6ﬁ2+20,a+kf3i+1 (2657)
We see that both expressions in (2.6.57) are independent of b, so it is
irrelevant what value we took in (2.6.56). Also, from (2.6.36) and (2.6.44),
flaa—1—; = Ny for all integers a, j. It follows that the two expressions in
(2.6.57), and hence in (2.6.56), arc equivalent.

The integer i still appears in (2.6.57), but from the periodicity relation
(2.6.45) it plays no role, the expressions in (2.6.57) being independent of .
We can therefore now set i =0 and use the first expression. Then from
(2.6.44) we obtain

Fi(0) =™ 5 Ry 00k (2.6.58)

fork=1,2,3and 6 =0,1.

If we now use the definitions (2.6.21), (2.6.22) of n,;, the resulting
expressions for the F, (o) are not of the same form as those obtained
originally.(>'9 To establish the equivalence we need the following theorem.
As throughout this paper, E(z,x) is the elliptic theta function defined by
(1.5.6), or equivalently (1.5.7).

Theorem 2.6.10. For |g| < 1, and all nonzero complex numbers z, w,
E(z)E(w.q)E(z2w,9)E(w/2.9)
=[QT{EW. ) E(q2%.4°) — 2E(q2 > ¢")]
- (w/)E(Z.¢) E(9v¢") = wE(qw 0]} (2659)
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Proof. Like all clementary theta function identities this can be
proved using Liouville’s theorem (Section 15.3 of Ref. 10). Regard g,w as
constants and z as a variable. Let

right-hand side of (2.6.59)
~ left-hand side of (2.6.59)

(2.6.60)

Then by using (2.6.28) it is readily verified that f(z) has the periodicity
property f(gz) = f(z). Since E(z,q) is analytic for 0 <|z| < o0, the only
possible singularities of f(z) in this domain are simple poles, occurring
when the left-hand side of (2.6.59) vanishes, in particular when z = 1, w,
or w™'. However, using the obvious identities E(l,q)=0, E(w > q) =
— wE(w3,q), we can immediately verify that the right-hand side of
(2.6.59) then also vanishes, so the poles have zero residue and f(z) is in fact
analytic at z=1,w,w™". Since f(gz) = f(z), it is therefore analytic at
z = q",q"w,q"w"1 for all integers n, which exhausts all the zeros of the
left-hand side of (2.6.59).

It follows that f(z) is analytic in 0 <|z] < 0, so is bounded in
g < |z| < 1. Again using the periodicity property f(gz) = f(z), the function
f(z) must be bounded everywhere. This means that f(z) must be analytic at
z =10 and o0, so by Liouville’s theorem it must be a constant.

From the infinite product expansions (1.5.6) and (2.2.7), it is readily
established that if @ = €2"/3, then (for all complex numbers z)

E(z.9)E(ez.)E(w ™ '2.9) =[ Q(9]'E(%.4°)/ 0(¢))  (2661)
E(q.4°) = Q(q) (2.6.62)

E(w,¢’) = (1-w)0(q) (2.6.63)

Setting z =« in (2.6.59) and (2.6.60), and using these identities, it
follows that

f(w)y=1 (2.6.64)

Since f(z) is a constant, this implies that f(z) =1, which establishes the
theorem. MW

Lemma 2.6.11. For |¢| <1 and all complex numbers z,

E0)= 0@ [ [E(¢0")/0(4)] (2:6.65)

Proof. Like (2.6.19), this follows directly from the infinite product
expansions (1.5.6) and (2.2.7). R
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We can use the preceding lemma and theorem to write ®,(z) in a form
from which the original hard hexagon results can be regained. First we
define

g«a = q(1/2)(avl)(3a~4)[E(q3a+5’q15) _ an(q5*3a’q]5):l/Q(q) (2666)
¢ = q(1/2)(a—1)(30—4)E(q3r1,q15)/Q(q) (2.6.67)

Theorem 2.6.12. For r =5, | < a < 4 and all complex numbers z,
®y(z) = $,2'E(=4*27.q")
+g;z—a[an(_quHdZ—B’qlS) + q3aZ~IE(__q5—6aZ3’q15)]
(2.6.68)

Proof. Negate z in Lemma 2.6.11 and substitute the resulting expres-
sion for E(~z,q) into (2.6.21). This gives
E(q".¢)E(—9%9)E(- ¢2.9°) E(- 4"2.9)

2
2(9)2(4")

where i, j, k are the integers 1,2,3,4 excluding a. Using the quasi-periodic
property (2.6.68) of the E function, together with the simple identity
E(z,x)= E(x/z,x), the result (2.6.69) can be written as

q)a(z) — q(l/Z)(a—l)(3a—4)Z1~aE(qa,q5)E(___q3az—17q5)E(_q2aZ—l’q5)

xE(-q7¢")/[ 2(@e(d)] (2.6.70)

This expression contains a product of four E functions, which is the same
as that on the left-hand side of Theorem 2.6.10, provided that z,w, g in that
theorem are replaced by ¢, —¢*z !

®,(z2)=

(2.6.69)

z ,q5. We can therefore apply Theorem
2.6.10 to (2.6.70). Doing so, we obtain the desired result (2.6.68). W

From (2.6.22) and (1.5.7), an immediate corollary of this theorem is
that, for 1 < a < 4 and all integers i,

_ 15i(i +1) /2 — 6ai
Masivi—a = $a9

Nasica = g—‘;qISI(i+l)/2—(6a+5)i+a (2671)

1 15— 1) /2—(6a—5)i+3a
na,Si—afl aq

[These expressions satisfy the periodicity and symmetry relations (2.6.34)—
(2.6.36).]
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Using these expressions (2.6.71) for n, ;, from (2.6.58) it follows that
Fi(0)= ¢ =[ E(q%.4") + 9E(9,:9") ]/ 2(9)
Fi()=g % =[~9E(4%9") + E(9".4")]/2(9)
Fy0) = F3(0)= ¢~ '3 = E(¢%4")/ Q(9)

Fy(ly= Fy(1)= ¢~ "= qE(9".9")/ Q(9)
which are the results originally obtained for the hard hexagon model
[Eq. 64 of Ref. 9, (14.5.22) of Ref. 10, Theorems 1-6 of Ref. 26].

(2.6.72)

3. NORMALIZATION OF THE PROBABILITIES P,

3.1. The Normalization Factor M

The probabilities P, are given, for the four regimes, by (2.3.21),
(2.4.48), (2.5.8), and (2.6.54). Each of these equations is of the form

P,=y,/M (3.1.1)
where
M= >*y, (3.1.2)
I<a<r

the * indicating that the sum is either confined to the set of even integers or
to the set of odd integers. It is sometimes convenient to write u, in the form

Pa =g+ 1, (3-1.3)

Using (2.3.19), (2.5.6), (2.6.53), and the definitions (1.5.5), (1.5.10), (1.5.22)
of u,,v,, we find that for the four regimes, y, or p, is given by

I B, = x(1/2)a(a+1~r)E(xa’ _xr/Z)E[x(r~2)a’xr(r72)] (3.1.42)
I = B X Yoz (3.1.4b)
1 u, = x(l/2)a(a-1—2d)E(xa’xr)E|: _ xz(r—a)(r—l)+2rd,x4r(r—1)]
(3.1.4¢)
v = x(1/2)a(a—172d)E(xa’xr/2)E[ _ x2(r—a)(rA2)+2rd’x4r(r—2)]
(3.1.44)

We have omitted factors that are independent of a, and hence cancel out of
(3.1.1). The function 7, is defined by (2.6.21), (2.6.22), and (2.6.44) with
g = x"~% It satisfies the relations

ﬁa,i = ﬁa,i+r—2 =X _za‘rﬁa+2r,i+r == x_aﬁ—a,i—a (315)

for all integers a, /.
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In (3.1.4), a, j,d are integers satisfying the restrictions
a+ j=even, I<d<d,,, (3.1.6)
where d,,, = r —2,r — 3 for regimes IIl, IV, respectively. The integers j

and d are to be regarded as fixed (i.e., independent of a): they determine
the phase of the system in the ordered regimes.

The function y, is needed only for 1 < a <r, and p, for 1 <|a| <r,
but it can be convenient to extend the definitions (3.1.3) and (3.1.4) to all

integers a. Using (2.6.28), (2.6.33), and (3.1.5), we can then verify that
Bog= Mg = Mgi2p ""Oznu‘tr=0 (317)
Thus (3.1.2) can be put into the form

M=1 3* g, (3.1.8)
—r<a<r

It is clear from (3.1.1) and (3.1.2) that M is a normalization factor
whose presence in (3.1.1) ensures that the local height probabilities satisfy
the condition

>*p,=1 (3.1.9)
I<a<r
This means that M plays a similar role to the partition function: in fact if
we trace back its origin we see that M is proportional to S and T in (1.5.13)
and (1.5.25), to the denominators in (A26) and (Al), and hence to the
partition function (1.2.1) of the eight-vertex SOS model.

We also see from (3.1.7) and (3.1.8) that M has a simple mathematical
significance: it is the sum of 1y, over all equal-parity values of ¢ within a
complete period 2r. For those cases (at present regimes 111 and 1V) where
w, is defined, it is also true that

o= Porzrs  Po= P, =0 (3.1.10)
so we can, using (3.1.3), write (3.1.8) as
M= 3% (3.L.11)
—r<a<r

3.2. Theta-Function “Sums-of-Products” Identities

The Case r=5. For the original hard hexagon model, which is
when r = 5, it has been noted that the normalization factor M always turns
out to be a simple product of theta functions. (There are nine different
possibilities, depending on the regime and the phase.) Further, this simplifi-
cation is always a corollary of one or more of the 40 “sums-of-products”
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identities®? listed by Ramanujan and subsequently proved by Rogers,*?
Darling,*® Mordell,®” and Watson.®® These identities involve the func-
tion Q(x) defined by (2.2.7), as well as the function P(x),G(x), H(x)
defined by

o0

P =TI (1=>"7) (3.2.1)
G(x) = I [(1= =91 - =] (22
H(x)= ngl [ —x"3) (1= 2" (3.2.3)

For instance, consider regime I with =5 and « even. Then from
(3.1.2) and (3.1.4a), setting x; = — x'/2,

M=, + p,
= xE(x%, = x*)E(x%x®) + E(x*, —x*)E(x'%, x"
= x;‘Q(x) Q(xN){ H(x))G(x?) — X\ G(x)H(xf)}  (3.24)
However, Eq. 8 in Birch’s list*® of Ramanujan’s identities is
G(x®)H(x) — xG(x)H(x%) = P(x)/P(x%) (3:2.5)
so we deduce at once that
M = x;Q(x)) Q(x0)P(x1)/ P(x?)
= x; *E(x,,x1)E(—x],x}? (3.2.6)

The other r = 5 cases involve Egs. 2, 5, 6, and 23 of Birch’s(*¥ list, and
are given in Refs. 9, 10, and 20.

Do these identities generalize to arbitrary values of r, so that M is
always a simple product of theta functions? It turns out that the answer is
yes, as is shown in the remainder of this section. As usual, regime II has to
be treated separately; for regimes I, III, and IV there is one general identity
(Theorem 3.2.1) that covers all cases.

Regimes |, I, and IV. The general identity that we shall need is the
following.

Theorem 3.2.1. Let x, y be real numbers such that |x| < 1 and
yr=—ex”,  e= 1 (3:2.7)

where m,r are positive integers and 1 < m < 2r; then for all complex
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numbers z

* x(l/Z)a(a‘l)ZaE(xa, y)E[Em——lx(2r—m)(r+a)z2r,x2r(2r~m)]
—r<a<r

={E(-zx)E(z" " y/x) £ E(zx)E(—2z ', y/x)} (3.28)

where the upper (plus) choice of the + sign in (3.2.8) is to be made if the
summation is restricted to even values of a; the lower (minus) sign applies
if the sum is restricted to odd values.

Proof. First consider the quantity

J= >* a(a) (3.2.9)
—oo<a< o
where
o(a) = x1/DUa=9E (x4, ) (3.2.10)

From (3.2.7) and the quasiperiodicity property (2.6.28) of E(z,q), we can
verify that (for all integers &)

o(a + 2kr) = x2kra+2k2z—erZkr(_xa)—kmy-km(km—l)/Za(a)

= (—em_l)kx(zr_’")k(”k’)zzk’o(a) (3:2.11)
For any integer a, there are unique integers a,, k£ such that
a = dg+ 2kr, —r<gy<r (3:2.12)
and g, has the same parity as a. Thus (3.2.9) can be written
J= % § o(ag+ 2kr) (3.2.13)
—r<ag<rk=—oo

Dropping the suffix on @, and substituting the expression (3.2.11) for
o(a + 2kr) into (3.2.13), the k summation can be performed by using
(1.5.7). This gives

J= z* o(a)E[EMvlx(2r——m)(r+a)z2r,x2r(2r~m)] (3214)
—r<a<r
Using (3.2.10) and noting that ¢(—r) =0, we see that J is equal to the
left-hand side of (3.2.8).
Now we go back to the definition (3.2.9)—(3.2.10) of J. Let J, and J,; be
the values of J when the summation in (3.2.9) is restricted, respectively, to
even and odd values of a. Then

[ee]

J,+1ly= > 1%(a) (3.2.15)

where 7 = +1 and the summation is now over all integers a. Using (3.2.10)
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and (1.5.7), it follows that

[e o] e o]
Je + ’TJ0= Z Tax(I/Z)a(a—l)Za 2 (_l)kxaky(l/2)k(k*~l)
k=—o0

a= — o0

[e o] o0
= 2 (_T)kZ—k(y/x)(l/Z)k(k~l) 2 VLY Tl (3.2.16)
k=-o j=—o00
where we have interchanged the ¢,k summations and set @ = j — k. Since
the summand in (3.2.16) factors into a function of k times a function of j,
the sum is a product of two E functions. Using (1.5.7), we obtain

J,+1ly= E(—1z,x)E(rz7}, y /x) (3:2.17)

Taking sums and differences of this equation for 7= +1 and 7= — 1, we
can evaluate J, and J,. Remembering that the left-hand side of (3.2.8) is
either J, or J,, we obtain (3.2.8), as desired. W

Simple special cases of Theorem 3.2.1 occur when

z=x' or z=—(y/x) (3.2.18)

where / is an integer. The last term in (3.2.8) then vanishes, so the
right-hand side reduces to the single product

1E(—z,x)E(z7, y/x) (3.2.19)

and is independent of whether the summation is restricted to even or to odd
values of a.

The particular identities that we shall need are all such simple special
cases of Theorem 3.2.1. We shall also need the symmetry and periodicity
properties (2.4.46) and (2.6.28) of E(z,q), as well as the elementary identi-
ties (true for all integers 4 and complex numbers z,q with |g| < 1)

E(z,q)= E(—qz%,q") — zE(—gqz7%,¢% (3.2.20)
E(-1,9)=2E(~q,9") (3:221)
E(_qfd’ q) = 2q*(1/2)d(d+l)E(__ q’q4) (3222)

[The first follows from (1.5.7) by splitting the sum therein into two parts,
one with n even and the other with n odd; the second is obtained from the

first by taking z = —1; the third follows from the second and from
(2.6.28).]
Takingm =2,e= —1,y = x", and z = x "¢ (d an integer) in Theorem

3.2.1, using (2.4.46) and (3.2.22), we obtain

* x(1/2)a(a— l—2d)E(xa,xr)E[ _ xl(r—1)(r—a)+2rd’x4r(r~l):|
—r<a<r

— x_(l/z)d(d+1)E(_x’x4)E(xd’xr“I) (3.2.23)
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Similarly, takingm =4,e= —1,y = —x"/% and z = x ~? (d an integer), we
obtain

E* x(l/2)a(a—1~2d)E(xa7 _ xr/Z)E[ - x2(r~2)(r—a)+2rd’x4r(r—2)]
—r<a<r ’

= x —(1/Ddd+ ”E(-x, x4)E[xd, _x(r—2)/2] (3.2.24)

Identities (3.2.32) and (3.2.24) are relevant to regimes III and IV,
respectively. For regime I we take m =4, e= —1, y= ~x"/% and
z=w~""2/2 this ensures that z= —x/y, so the second possibility in
(3.2.18) 1s satisfied (for r even, so is the first). We then group the {a, —a)
terms together in (3.2.8) and use (2.6.33), (3.2.20), (2.6.28), and (3.2.21) to
obtain

2* x(l/2)a(a+1—r)E(xa’ _ xr/Z)E[x(r—Z)a,xr(r—Z)]

I<a<r
= xR (= xt/2 )E (XD (3.225)
where
v=20, if ris even
=1, if 7 1s odd (3.2.26)

[For r even, (3.2.25) is a special case of (3.2.24), with d = (r — 2)/2.]

Regime ll. For regime 11, the identity we want to establish is
2* E(xa’xr)ﬁa,(]/Z)(a+j) = Q(9) (3.2.27)
Il<a<r

for all integers j, the sum being over integers @ with the same parity as j.
The function 7, ; is defined by (2.6.21), (2.6.22), and (2.6.44) with ¢ = x 7
From (3.1.2) and (3.1.4b), M is equal to the left-hand side of (3.2.27), so it
follows that

M= Q(q) (3.2.28)
One way to prove (3.2.27) is to first establish the following theorem.

Theorem 3.2.2. Let ®,(z) be defined by (2.6.21), with ¢ = x""7
Then for all complex numbers z,

2* xra(a~2)/82—a/2E(xa,xr)q)a(q~a/zz)
I<a<r
—_ x—ra/SZ(l/Z)a* IQ(Q)E( — x(l/Z)rzxZ, xr) (32'29)
where a = 0 if the sum is restricted to even values of a, a = 1 if the sum 1s
restricted to odd values.

Proof. We regard z as a complex variable and use Liouville’s theo-
rem, rather as we did in Theorem 2.6.10. First we verify from (2.6.21) and
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(1.5.6) that
Jim @,(z) = O(g)

lim]q)a(q_ Z) — (___ l)aWIq—(I/Z)a(a‘l)Q(q)

Then we consider (3.2.29) when z = — ¢®/?, where b is an integer of the
same parity as a and a. If 1 <|b| <, then all terms in the sum on the
left-hand side vanish except the one with @ = |b|. Using (3.2.30) and
(2.6.28), we can verify that (3.2.29) is satisfied. If 6 =0 or r (and has the
same parity as a and «), then all terms on the left-hand side and right-hand
side vanish, so (3.2.29) is trivially satisfied.

Now let

f(z) = (left-hand side — right-hand side) of (3.2.29)  (3.2.31)

(3.2.30)

This function is analytic in the domain 0 < |z| < o0, and by using (2.6.28)
we can verify that

f(qu) - Zz—rq—(l/Z)r(r—l)f(Z) (3232)

(This quasiperiodicity relation is satisfied by each term in the ¢ summa-
tion.) From the above remarks it follows that

f(—¢""*=0 (3.2.33)

for all integers b of the same parity as ¢ and «. This means that the
function

8(2)=f(2)/ E(—q **2.9) (3-234)

is also analytic in 0 < |z] < o [the denominator has only simple zeros, at
which f(z) vanishes]. ‘
Finally, consider the function

G(Z) = Za/2g(z)E(_qa/22’qr)E(_ q—-rx/ZZ,qr) (3235)

[which is proportional to f(z) divided by the @ = o term of the sum in
(3.2.29)]. This is analytic in 0 < |z|] < oo and is periodic: '

G(q'7) = G(z) (3.2.36)

It is therefore bounded in ¢” < |z| < 1, and hence in 0 < |z| < c0. This
means that it must be analytic at z =0 and 0, so by Liouville’s theorem it
must be a constant. It vanishes when z = — g*/% so the constant must be
zero. Hence G(z), g(z), and f(z) vanish identically, which proves the
theorem. M

_The required identity (3.2.27) can now be established by Laurent
expanding both sides of (3.2.29) in powers of z and equating coefficients,
using (2.6.22), (2.6.44), and (1.5.7).

There is an alternative way to establish (3.2.28). Note that % enters



242 Andrews et al.

(3.1.4b) only because of the resuit (2.6.53) of Theorem 2.6.9. If we go back
to the original functions £, and, using (2.6.52) to x,,, we see that (3.1.2) is
equivalent to

M= mh—I)Igo M, (b,c) (3.2.37)

where, for L < b<c<randec=b=x1,
M, (b,c)= ¥ xtN@i=N/E (x4, x"Yx,,(a,b,c)  (3.2.38)

I<a<r
the integer j being defined by (2.6.51); the summation is over integers a
with the same parity as ;.

In Section 2.6 we evaluated the large-m limit of x,,(a,b,c). The
derivation was very complicated, involving (in Appendix B) the theory of
very well-poised g-hypergeometric series. By contrast, the large-m limit of

M, (b, c) can be obtained quite simply and directly: the key is the following
theorem.

Theorem 3.2.3. Let M,(b,c) be defined by (3.2.38), (2.6.51) and
(2.6.4)-(2.6.5), with g = x"~ % Define ¢ (an integer or half an integer) by

&= (c— b)(4r —b) (3.2.39)
Then for |x|<1,1< b, ¢c<randc=b=1,
M,(bc)= 3 (—1)x/Dr-tmedigl=igy  (3.2.40)
4

= ~00

where we are using the notation (2.2.8).

Proof. From (2.6.4) and (2.6.33) we can verify that the summand in
(3.2.38) is an even function of g, and that

M,(b,c)= >* E(x%x")o(a) (3.2.41)
—r<a<r
where
O'(H) — X(a+j)(a—j—r)/4q(m+a—b)/‘.‘fm(a, b’ C) (3242)

and we have used the fact that 6(0) = o(—r) = 0.

We now proceed similarly to the first part of the proof of Theorem
3.2.1. Incrementing a by 2r, and replacing A in (2.6.5) by A + 1, we find
that

o(a+2r)= x**'g(a) (3.2.43)
and hence, by recurrence,
o(a + 2kr)y = x*ka+ k=g q) (3.2.44)

for all integers k.
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If we define

J= _wgzwo(a)(l —x%) (3.2.45)

then by proceeding as in (3.2.12) and (3.2.13) we obtain, using (1.5.7) and
(3.2.41),

J

z* o(ao) Z [ 2kao*"'k(Zk"l),_x(2k+l)ao-!—rk(2k+l)]

—r<ag<r

— z* o(a) Z (_l)lxla+(l/2)r1(l—1)

—r<a<r = — o0

= 2¥ o(a)E(x",x")
—r<a<r
= M,(b,c) (3.2.46)
Thus J is equal to M,,(b, ¢). On the other hand, substituting (2.6.5) into
(3.2.42) and (3.2.45), interchanging the a,A summations and setting

a=—j+2Ar-2r+2 (3.2.47)
(t must be an integer), we obtain
J = i i (1 — gPx2 )@+ =(1/DB+1-01
A=—00 t=—00
i1 m
XU L kb~ m 1 — 20 (3.2.48)

Let F(\,f) be the summand in (3.2.48) with the factor (1 — ¢*x¥7/)
omitted. Then one can verify that
FA+1,1+1)=¢"x*JF(\ 1) (3.2.49)
s0 (3.2.48) can be written as
g 2 2 [FA 7y~ F\+ 1,1+ 1)] (3.2.50)
o i =

The two terms in (3.2.50) can be grouped together by replacing (A, ) by
(4 p, ) in the first, and by (L p — 1,7 — 1) in the second. Then p is even for
the first term, odd for the second: combining them we get

J = f §) (= DF*F(L p1) (3.2.51)

=00 = —00

the sums being over all integers y, ¢.
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Next we interchange the p, 7 summations (such interchanges are justi-
fied by the rapid convergence of the series due to the quadratic exponents
in the summand), and set

p=1t+(b—c)k (3:2.52)

(Since |b — ¢| = 1, k is an integer.) Then, after substituting the explicit form
of the summand, (3.2.51) becomes

J= i (_l)tx(1/2)rt(t«1)—jt§(_l)kq(l/Z)k(k+l)+(be)kt[’Z:l (3.2.53)
“ k=0

1

where we have used (2.2.4), and the fact that |b — ¢| = 1. The k summation
can be restricted to 0 < k < m because of (2.2.1).
The k& summation can now be performed by using the identity

= - m
kgo(_ 1ykq(1/Dkk l)zk[ i } =(2),, (3:2.54)
(Theorem 3.3, p. 36 of Ref. 16). This gives

= § (= 1y x /=D st g1+ 6=, oy (3.2.55)
f=—o0
Replacing ¢ by (¢ — b)¢, using (2.6.51) and remembering that J = M, (b, ¢),
we obtain the desired result (3.2.40). This completes the proof of Theorem
323 N
It is instructive to explicitly expand the product in the summand of
(3.2.40):

(@759, =(=g" (1= (1-¢""") (3256

We see that this vanishes if t=1,2,...,m, so we can restrict the ¢
summation to the two regions ¢ < 0 and ¢ > m. Setting { = — s in the first,
t=s5+ m+ 1 in the second, and using (2.2.11), we can write (3.2.40) as

)
Mm(b,C) — 20(_ 1)sx(1/2)rsz+ms[x£s _ x—£s+[(1/2)r—£](m+1)](qs+l; q)m
5=

(3.2.57)

It is now easy to take the limit m— co. From (3.2.39), {§| <ir, so as
m—> oo all terms in the summation in (3.2.57) tend uniformly to zero,
except for the first part of the s = 0 term. Thus, using (3.2.37),

M= lim M,(b,c) = (4:9),,~ Q(q) (32.58)

We have thus rederived (3.2.28), without using the working of Appendix B
and Section 2.6, and without introducing the functions % and 4 (which are
multidimensional theta series).
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3.3. Final Results

We can now write down explicit expressions for the local height
probabilities. They are given by (3.1.1)~(3.14), and for regimes I, 11, II],
IV, we can write M as a simple product of theta functions by using (3.2.25),
(3.2.28), (3.2.23), (3.2.24), respectively. We obtain

I: Pa = x(l/Z)a(a+1-r)+(r2—2r+u)/8E(xa’ _x,/Z)
y E[x(r~2)a,xr(rv2)]
{E(— xV/Z’X)E(x(r—Z)/Z’XZr—4)}
I: P, = E(x* % Va1 snyasp/ O(4) (33.1b)
[T and 1V:
Pa = x“/z)“(a_])+(l/2)d(d+I)E(x”, y)

(3.3.1a)

{)C_adE[ - X2[(r—a)+2rd’x4r1] _ xadE[ _ x21(r+a)+2rd’ x4rl:|}

X
[E(—x,xE(x? y/x)]

(3.3.1¢)

where » is defined by (3.2.26); y = x", I=r — 1 in regime III; while in
regime [V y = — x"/% I=r—2. In all cases x lies in the interval (0, 1).

The function % is defined by (2.6.21), (2.6.22), and (2.6.44), with
qg= x"72 Setting j = j, + (r — 2)k in (2.6.22), where j, and k are integers
such that 0 < j, < r — 3, we can perform the k& summation by using the
periodicity property (2.6.45). [This procedure parallels that in (3.2.9)-
(3.2.14).] We obtain the identity

(I)a(z) _ r23 x(l/z)'j(j+l)_ajﬁaJZjE[ _ q(l/Z)r(rv I)+rj—azr-2yqr(r72)] (332)
j=0
where g = x"7% We can regard the 4, , as being defined by this identity
and the periodicity relation (2.6.45).

We can readily use (1.5.6) or (1.5.7) to expand all these results in
increasing powers of x, so these forms are convenient for examining the
behavior when x is small, which is when the eight-vertex SOS model is
completely disordered (regime I) or completely ordered (regime II, 111, and
IV): the local height probabilities P, take their ground state values.

Critical Behavior. The other extreme is when x-> 1. From (1.5.8)
and (1.5.20), € is then large and p in (1.2.3)—(1.2.9) is numerically small. In
the limit when x = 1 and p = 0 the eight-vertex weights a,b,¢,d in (1.2.3)
satisfy

d=0, |(@®+b*—c?)/(2ab)| <1 (3.33)



246 Andrews et ail.

The model is then critical,'® so it is of particular interest to consider this
case and to be able to develop perturbation expansions in powers of p.(*9
This can be done by transforming to elliptic functions of conjugate modu-
lus. [Examples of such transformations have already occurred in (A30) and
(AS51).] The results are conventionally expressed in terms of the standard
theta functions,!”'® defined for all complex numbers «, g, with |g| < 1, by

8,(u,q%) = 2|g|"*sinu [] (1 - 2¢*cos2u + ¢*")(1 — ¢*") (3.34a)
n=1
04(.q%) = [T (1 —2¢*"~'cos2u + ¢*"~?)(1 — ¢*") (3.3.4b)
n=1

0,(u, qz) = 01(-721 +u, qz), 05(u,q%) = 94(-721 + u,qz) (3.3.4¢)

In regimes I and TV we encounter 8, functions with ¢° negative, which is
why we take ¢* rather than ¢ to be the second argument. Note that 4,
remains real even when ¢* is negative. Sometimes we shall find it conve-
nient to remove the 2|g|'/# factor and to work with the functions

0.(u,q") = Llgl” " H(uwq?),  i=12 (33.5)

When ¢ = 0, these functions §, and 6, reduce to sinu and cosu.
The “conjugate modulus” identities that we shall need are [for all
complex numbers u, ¢ such that Re(e) > 0]

0,(u,e ™) = p(u,e) E(e ™/, e 47/<) (3.3.6a)
By(u,e ™) = p(u,e) E(— e 4™/ e ~47/%) (3.3.6b)
0,(3u, —e"/4) =22p(u,e)E(e 4™/, — e“”’z/ﬁ) (3.3.6)
where

p(u,€) = (2w/e)l/zexp[(2wu —2u®~ %ﬂ'z)/f] (3.3.6d)

These are Egs. (14.2.42) and (14.6.1) of Ref. 10, after allowing for differ-
ences of notation. Note that if € is large then the second argument of the
function E is numerically close to 1, which is what happens near criticality
in our results (3.3.1). The product or series expansions (1.5.6) and (1.5.7)
then converge very slowly. On the other hand, the second argument of the
functions #, and 4, is then small, so the product expansions (3.3.4) converge
rapidly. This is why it is desirable near criticality to use the transformation
(3.3.6).

First apply the transformation to the definition (3.3.2) of the function
1, that occurs in regime II. The parameters x, p, and € are then related by
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(1.5.8). Using (2.6.21) and setting

2 2,2

_ _ 1/2 _ € re _ (r—2)77 (r—ay= |,
Ny =[(r=2)/r]"exp| = g + 24(r - 2) e T 2 |
(3.3.7)
z= exp[ —4m(r— 2)u/£} (3.3.8)
t=pl/=D = gme/r=2) (3:3.9)

Y0, (7a r, 00, (ru,t”
Fy(u)= Q()2 w(7a/r, (. ") (3.3.10)
Q(t"Y 0 (u, )8, (u + ma/r,t)
the identity (3.3.2) transforms to
r—3 W(r - 1) 77
_ r _ . 7 __ _ma 1/(r—2)
Fa() = 37— Eﬁw”&t “Tar=n =2 -

(3.3.11)

true for all complex numbers . This F,(u) is an entire function of u,
periodic of period 7.

From (2.6.45) and (3.3.7)
)\a,j+r*‘2=}\d,j (3.3.12)

We can regard the A, ; as defined by (3.3.8)-(3.3.12). We can make this
more explicit by introducing the Fourier coefficients f, , of F,(u):

oo
F(u)= n——_z—oo a’nez’”” (3.3.13)
which satisfy the quasiperiodicity relation
f;z,n+r—2= —tn+(1/2)(r_2)‘e-2ﬂia/7;z,n (3314)

Using the series expansion of #,(u) (Eq. 8.192.1 of Ref. 17), we find that the
A,, are given by

~ N

—27in(j+%—a/r)
¢

r—3
Ay =2 > exp — T/Ard - (33.5)
n=0

for all integers a, ;.

Now we apply the transformations (3.3.6) to our results (3.3.1), using
the relations (1.5.8) (between x, €, and p) in regimes II and III, and the
relations (1.5.20) in regimes I and IV. It is convenient to define

s=pVr=n g = |p/0D (3.3.16)
Ra = r/gl(fn'a/r, JU) (3317)
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[This i1s consistent with (3.3.9).] After a fair bit of cumbersome manipula-
tion we obtain, for the four regimes I-1V,

260,(ma/r,1%)

I. P = 3.3.18a
R,0,(7v/2, pz’)02(0, —t") ( )
I: P,=N 1 aaspfi(7a/r, p)/ Q1) (3.3.18b)

P = Oy(ma/2r — 7d /(2r — 2),5) — 83(wa/2r + nd /(21 - 2),5)

IIi:
¢ R840, p)8 (md/(r — 1),5*)

(3.3.18¢)
By(ma/2r — md/(2r — 4),1'/%) = y(ma/2r + wd /(2r — 4),¢'/%)
R840, pP)y(md /(r = 2), —1")

Iv: P =

(3.3.18d)

As before, » is defined by (3.2.26), Q(g) by (2.2.7). The integers j and d
determine the phase of the system in the ordered regimes. They must satisfy
(3.1.6) and are defined in terms of the boundary conditions by (2.6.51),
(2.3.18)(2.3.20), and (2.5.10), for regimes II, III, IV, respectively. [Thus
d=1(b+ c—1)in regime II1.]

These results are expressed in terms of the original parameter p that
entered (1.2.3)—(1.2.9), which is negative for regimes I and IV, positive for
I1 and III. For fixed values of wy/K, v/K, and /K [from (1.4.1),
n/K = r~'], the SOS model weights W are real functions of p, analytic for
|pl <1. At p=0 we are on the interface between regimes I and II (for
1 < v < 3n), or between III and IV (for —#n < v < 7). The model is then
critical, so we can naturally regard p as a “deviation from criticality”
variable.

At p =0 we find from (3.3.18) that for all regimes

P,=P{) =4r 'sin’(na/r) (3.3.19)

The (¢) denoting the critical value of P,. Note that this result is indepen-
dent of j and 4, i.e., is independent of boundary conditions and is the same
for all phases. This is what we expect to happen at criticality: long-range
order has disappeared.

We can expand the P, in increasing powers of p (or s, or f). For regime
1T we first need to note from (3.3.10) and (3.3.13) that

(n+1)

. 7a
Jan =" sin ———— (14 0(7)},  0<n<r—2 (3320

fom = sin(wa/r) + sin(Gma/ry+ - - - (3.3.21)
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We then find that
I. P = Pa(‘){l - (—p)z/(’_z)[l + 2cos(27ra/r)} + 0[p, pﬁ/('_z)}}
(3.3.22a)

In: P,= Pa(‘){ 1+ 4p1/D0=39/0=Dc0q 7r—racoszr—(rj—__—'—¥

+ 0[[,, p(r-4)/(r~2)2J} (3.3.22b)

. p,= Pa(c){l + 4p3/(8'"8)cos777a cos —_er1 +0[ p, p‘/(r—l)]}
(3.3.22¢)

. = ple r— 7a ad 2/(r—2
IV: P, = P! >{I +4(—p)/ 8)cos-r—cos}—_—z +0[p. p /( )}}

(3.3.22d)

[The terms of order p"~9/¢=2% in (3.3.22b) occur only for r > 6.]

For the ordered regimes II, III, IV, the leading deviations from
criticality are proportional to the differences between the P, for different
phases, and hence to the long-range-order parameter. Their exponents are
therefore the critical exponent 8,('% so

B = r—3 3 3
2r=27"  8(r=1)7  4r-2

for regimes II, III, TV, respectively.

The probabilities P, are in general local properties of the lattice: they
depend on the site to which the height /; in (1.5.1) refers. For definiteness
we have up to now taken this to be the center site, but it could be any site
deep within the lattice.

In regime I the P, depend only on whether the site lies on the X or the
Y sublattice. (We can think of these sublattices as the centers of the black
and white faces of a checkerboard.) For a given phase, the same is true in
regimes III and IV. For regime II, there are r — 2 different functions P,,
depending on the position of the site, corresponding to the r — 2 distinct
(modulo 2r — 4) equal-parity values of j that are allowed in (3.3.1b) and
(3.3.18b). Thus in regime II we can define an average function I;a obtained
by averaging over these values of j. From (3.3.18b), (3.3.15), and (3.3.21),
this is given by

P, = 4r‘1ﬁl’00~1(7ra/r, p)/ Q)
= Pa(‘){l +p2/(’_2)[1 + 2cos(27m/r)] + - } (3.3.29)

(3.3.23)
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In regime I, the corresponding average P, is equal to P,. For both
regimes, P, is a nonlocal property of the model, independent of boundary
conditions and phase. (For the hard hexagon model P, corresponds to the
mean density.) From (3.3.22a) and (3.3.24) we see that for regimes I and II,

P, = P{{1+sgn(p)|pl'*[1+ 2cos(2ma/r)] + - -+ )} (3.3.25a)

where the critical exponent @ is given by
l—a=2/(r-2) (3.3.25b)

Free Energy. To complete the discussion of the critical behavior, we
should consider the free energy of the SOS model, with heights restricted by
(1.4.3). This can be obtained by the “inversion relation” method,?" using
(A11), (A12), and (A13). It is the same as the free energy of the unrestricted
model, and of the original eight-vertex mode! with weights given by (1.2.3),
except that in regime II the free energy is that of the “SDP-like” eight-
vertex model.?)

Let p’,n,v,K, p be the parameters entering the definitions (1.2.3)-
(1.2.9) of the Boltzmann weights of the model, and A(u) the function
defined by (1.2.4) and (1.2.7). In regimes II and III define

po = h(2)exp] (0%~ 1)/ (KK
T=2mK/K', A=2m/K’ (3:3.26)
u=a(n+v)/K, g=e”

Then we can verify that the definition (1.2.3) of the eight-vertex model
weights a,b, c,d is equivalent to that of Egs. (6.1)~(6.5) and (6.11) of Ref.
21 (apart from negating and permuting some of w, ..., w, therein: such
transformations leave the partition function unchanged®). It follows that
k, the partition function per site, is given by Egs. (6.30) and (6.32) of Ref.
21, Using (1.5.4), we see that —n < v <1, 0 < u <A in regime IIi, so Eq.
(6.32a) is applicable; in regime II, n < v <k —1, A< u<ir, so (6.32b)
applies.

For regime III we can use the original eight-vertex model results.®
The g,7/p of Eq. (E10) of Ref. 2 correspond to pl/z, K/ herein, so we
find that the dominant critical singularity in k is

ML kg, =p /O™ (3.3.27)
This is multiplied by a factor that in general is a nonzero analytic function

of p at p = 0. Exceptions occur when r = K /7 is an integer, which from
(1.4.1) is precisely the case we are considering. If r is even (3.3.27) should
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be multiplied by a factor In p; if r is odd the singular part of x disappears
altogether, as has been observed for the hard hexagon model.®'?

For regime II, a similar calculation to that of Appendix E of Ref. 2
yields :

I kg, = p/<2 (3.3.28)

In regimes I and IV the parameter p is negative. Define L'/ K by
(A50), ie.,

p=—e /K (3:3.29)
and define
Pp = p’h(2n)exp[ — (v - nz)/ZKL’]
GF=—e ™ X=m/L (3.3.30)
u=ma(n+v)/2L

These definitions ensure that (1.2.3) is equivalent to Egs. (6.1)—(6.5) of Ref.
21. It is now Eqgs. (6.9a) and (6.9b) that are appropriate, the former
applying in regime IV (—n < v < 1), the latter in regime I, (n < v < K —
n). From them we find that the singular part of « is

IV: kg = (—p)</* (3.3.31)
I = (—p)/&-m (3.3.32)

These free energy results (3.3.26)—(3.3.32) apply for all values of 5 in
the interval (0, K/2). Setting r = K/7 as in (1.4.1), we see that

Kaing = | PI* 7 (3.3.33)

Ksing

where
2—a=r/(r—2), in regimes I and II
=r/2, in regimes III and IV (3.3.34)

For the hard hexagon case, when r = 5, these values of a agree with those
previously obtained (Eq. 14.6.10 of Ref. 10), with the proviso, noted after
(3.3.27), that « then has no singular part in regime IIIL

We note also that in regimes I and II the free energy exponent a is the
same as the average height probability exponent & given by (3.3.23). In
general it is not obvious why this should be so, since differentiating the
logarithm of the partition function with respect to p gives not only terms

proportional to P,, but also terms proportional to the correlation of four
heights round a face of the lattice. (For the hard hexagon case, with r =5
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and o = 37, such multiple-height correlations do not occur, so then we must
have a = a.)

4. SUMMARY

We have considered the SOS model with weights given by (1.2.6), or
equivalently (1.2.12b), which is known!"!'? to have the same partition
function as the eight-vertex model. We have shown that the hard hexagon
model is equivalent to a special case of this SOS model, in which n = K/5
and each height / is restricted to the range 1 < [, < 4.

One intriguing feature of the hard hexagon model is that the Rogers—
Ramanujan®+49 identities, and many related identities, occur naturally in
the calculation of the sublattice densities.>**?® In the SOS model these
densities correspond to the probability that the height at a particular site
has a given value. We have therefore considered a more general SOS
model, in which 7 = K/r (r an integer), each height being restricted to the
range 1 < [, < r— 1. Sure enough, when we calculate the local height
probabilities we are led to generalizations of the Rogers—Ramanujan identi-
ties.

There are two main sorts of such identities. In Section 2 we evaluate
the (m — 1)-fold sums (1.5.11) and (1.5.23), and show that in the limit
m—> oo they are modular forms. (In regimes I, III, and IV they are sums of
at most two simple quotients of elliptic theta functions.) These identities are
generalizations of the Rogers—Ramanujan identities, as well as of some
similar identities listed by Slater.®" They are presumably related to Gor-
don’s generalization.(!>'®

The other sort of identity occurs in Section 3, where we calculate the
normalization factors M occurring in the definition of the local height
probabilities P,. [These factors are proportional to (1.5.13) or (1.5.25), and
ensure that the necessary condition (1.5.2) is satisfied.] For regimes I, III,
and IV these identities involve sums of products of theta functions of
different nomes. They are generalizations of some of the 40 such identities
listed by Ramanujan,®*” and are derivable from Theorem 3.2.1.

Regime IT is much more difficult than the other regimes. Its solution
(in the limit m— o) involves the theory of very well-poised g — hy-
pergeometric series (see Appendix B), and introduces the multi-dimensional
theta series n,; and N e (Curiously, the normalization factor M can be
evaluated without these complications, as is shown in Theorem 3.2.3.)

In Section 3.3. we present our final results for the P,, put them into a
form suitable for examining critical behavior, and obtain some of the
critical exponents B, a, & of the restricted SOS model.
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For definiteness, we have focused our attention on the case n = K/r (r
an integer), which is the obvious immediate generalization of the hard
hexagon case n = K/5. However, the working can be further generalized to
the case n = sK/r (r and s integers, 1 < 5 < r), as is being done by one of
us (PJF).

APPENDIX A: CORNER TRANSFER MATRICES

Let 4,B,C, D be the corner transfer matrices (CTMs) corresponding
to the lower-right, upper-right, upper-left, and lower-left quadrants of the
lattice, as on p. 366 of Ref. 10. Each will break up into r — 1 diagonal
blocks, one for each value of the center spin /. Let S, be the corresponding
diagonal matrix whose diagonal entries are unity for the block with /; = a,
all other elements being zero. Then (1.5.1) is equivalent to

P, = Trace S,ABCD /Trace ABCD (A)
The matrices 4, B, C, D are products of local “face transfer matrices”

U, and V; that merely add one face at a time to the lattice [Eq. (13.2.4) of
Ref. 10, Eq. (9) of Ref. 23]. These matrices have elements

(Uj)“,=W(l,j+1|l 1, HS(lk,lk (A2)
?&j
m
V= W55 5) T1 8k, ) (A3)
k:jl
Here 1 denotes the set of heights {/,,7,, ..., 1,}, I denotes {/{, /5, ..., 1.},
and j=2,3,...,m+ 1. The heights /,,/,,... correspond to those an

observer would see if he started at the center of the lattice and walked
outwards along the edges. Thus they (and /{,/;,...) must satisfy the
adjacency condition (1.2.2), i.e.,

[ =Gl =1 = F1=1, j>1 (Ad)

The boundary heights of the lattice are to be fixed at their ground state
values (there may be more than one ground state in which case we have to
select a particular one). The heights [, ./, ,,,,,, that occur in the
definitions of U,,V,,,U,,, .V, are to be given these boundary values,
which will in general mean that these boundary face transfer matrices

depend on the face to which they refer.

Special Properties of the U, V,. From (1.2.12), all the matrices
Uj, Vj,A,B,C,D are functions of v, so we can for instance write UJ as
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U;(v). When v = 7, we see from (1.2.12) that, for /,m, n, p satisfying (1.2.2),

W(l,m|n, p)=po"h(2n)d( p) (A3)
By substituting this result into (A2), it follows that
Ui(n) = p'h(2n)1 (A6)

where [ is the identity matrix.
Similarly, when v = —n we find from (1.2.12) that

W(lm|n, p)=phn)| DG YA (A7)
T B8, () ’
Using (A3), it follows that .
V(=) =p'h2m)R,_ R, R’ (A3)
where R; is the diagonal matrix with entries
(R)y=[h(w)]""? kI_IIS(lk k) (A9)

For general values of v, the matrices U, and V, are very sparse,
breaking up into one-by-one and two-by-two blocks. They can therefore
easily be inverted. Defining

&(v) =[ph(2n + )b (21 - v)] " (A10)
we find that the inverse of U, is also given by (A2), but with ¥ multiplied
by &v — 1) and v in (1.2.12) replaced by 2% — v. Thus

“l(0) = §(o = MU 21~ v) (Al1)

Similarly, the inverse of V; is given by (A3), but with W(/,m | n, p)

multiplied by (v + n)h(w,)h(w,)/[A(w)h(w,)], and v replaced by —27 —
v. It follows that

V., ! (v) = &v + MRIIRWV,(—2n — v)R’R] (A12)

These inversion relations (All), (A12) are consistent with (A6) and
(A8), being satisfied by them when v = 1, — 7, respectively.

Actually, we shall use neither (A1l) nor (A12), but a simple corollary
of (A12) that follows from (1.4.1) and the fact that W is negated if v is
increased by 2K:

(o) = —Ho+ MRIRV[(2r - - o]R'RIT (ALD)
Properties of 4,B,C,D. The matrix 4, i.e., A(v), is defined as
A(v)y= F,F; ... F, (Alda)
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where
F=URU90, ... (Al4b)

the superscripts (7) on U, ,; and U,, denoting the fact that these matrices
(butnot U,, ..., U, _,) depend on the boundary heights and hence on the
value of j in (Al4b).

The matrices B, C, D are defined similarly, but with each Uj replaced
by V;, UT, V7, respectively. In fact U, and ¥; are symmetric matrices, but it
does not necessarily follow that C =4 or D= B, since the boundary
heights for C (D) may differ from those of 4 (B).

The ground states [i.e., the values of the heights of all lattice sites that
maximize the summand in (1.2.1)], do themselves depend upon v, but only
in the sense that they have fixed values in one domain of the complex v
plane, then change discontinuously to other fixed values as v crosses from
this domain to another. We find that we have two domains to consider:

D: —1<Re(v/n)<1

(Al5)
Dy: 1<Re(v/m)<r—1

We can allow o to reach, or even briefly cross, the domain boundaries, so
long as we interpret our results as the appropriate analytic continuations of
the intradomain values.

In both cases we can therefore let v = 7n. From (A6) and (1.14) it
follows that (to within irrelevant scalar factors)

A(m)=C(n)=1 (A16)
This result is consistent with the fact that the ground states are unchanged
by uniform shifts in the SW-NE direction [i.e., the height on site (x, y) is

the same as that on site (x + 1, y + 1)]. Since U, V; are symmetric, it

follows that
AT(@)=A@),  C(9)=C(r) A
DT(U) = B(v)

In the domain &), we can also let v = — x. Substituting the form (A8)
of ¥,(—mn) into the appropriate analogs of (Al4), we find that R),R; . ..
all cancel out, leaving (to within irrelevant scalar factors)

B(=m)=D(=n) = R, (A18)
Thus in domain %,
A(MB(=mC(m)D(—n) = R} (A19)

In the domain &, we can allow v to be close to the value (r — 1)y (this
is a “virtual inversion point”?"), and use (A13). Together with (A14) and
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the symmetry property of the ground states, this implies that
[B(v)]™'=RD[(@2r —2)n—v) (A20)

[There is a problem in deriving this, in that (A13) is not necessarily satisfied
for j = m + 1. However, it seems that we can ignore this boundary diffi-
culty in the limit of m large.]

The matrix R;, like §,,...,S,_;, commutes with all the corner

transfer matrices, so in domain &, we have the relation
A(n)B(0)C(n)D[(2r —2)n—v] = R} (A21)
provided v is sufficiently close to (r — ).

A,B,C,D as Exponentials in v. The star—triangle relation (1.33),
(1.34) implies!®?? that in the limit of m large the corner transfer matrices
have the form (to within irrelevant scalar factors)

A(v) = QM7 Q; !
B(v) = Q;Mye™ Q5!

(A22)
C(v) = QsMze™Q,!
D(v) = QuMye Q!
where 7, Qy, ..., Qs M,, ..., M, are matrices that are independent of
v and commute with R;,S;,..., S,_,,and 2", M, ..., M, are diagonal.
Substituting these forms into (A1), we obtain
P,=Trace S,M M,M M,/ Trace M\ M,M M, (A23)

Thus we need to calculate the product M, M, M;M,. First substitute
the forms (A22) into (A19) or (A21) depending on whether v is in domain
Gy or Z,. We obtain

M, M, M ;M &> = R} (A24)
where
t=22—r, in domains &, , %, (A25)

respectively. Thus (A23) becomes
P, = Trace S,Rje ™ *"* /Trace Rje 2" (A26)

This simplifies the problem to the calculation of #°. However, setting
= 7 in the first of the equations (A22) and using (A16), we find that

oM, = Qze_"% (A27)
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and hence
A(v) = Qe ¥, (A28)

Thus exp[(v — n)5#°] is simply the diagonal form of the single corner
transfer matrix 4 (v). We can calculate this by using certain quasiperiodic
properties of A (v) (corresponding to incrementing v by iK’, or 2iK’): these
imply that the elements of 5#° are integer multiples of #/K’, and we can
calculate these integers from special limiting cases.

To do this, we have to distinguish whether the nome p in the definition
(1.2.7) of the elliptic function A () is positive or negative. Together with the
division (A15) of the complex v plane, this gives us four cases to consider.
If we restrict v to be real and less than 37 (which ensures that the
Boltzmann weights can be chosen to be real and nonnegative), then these
four cases are the four “regimes” in (1.5.4). However, here we shall still find
it convenient to regard v as a complex variable, and extend the allowed

values of v to
vEY,, %n regi.mes Tand II (A29)
€Y, in regimes III and IV

From (A25), we sce that the values of 7 in the four regimes are given
by (1.5.5).

Regimes 1l and IH. When 0 < p <1 (regimes II and III), we can
make a conjugate modulus transformation!®!” so as to write the definition
(1.2.7) of the function A(u) as

h(uy=rexp| —m(u— K)'/(2KK")|E(e™>™/¥', ) (A30)

where
y =exp(—47K/K") (A31)
K © 1_ yn/Z

T= -
K n=1 1+yn/2

(A32)

and the function E(z, y) is defined by (1.5.6). Note that y, like p, lies in the
interval (0, 1), but is close to one when p is small, and vice-versa.
Using the form (A30) for 2(u), and defining

x=e 4m/K w= e Zm(1-0)/K (A33)

g =exp[7(v = n)(w, — K)?/8nKK"] (A34)

v =p'tE(x, y)exp[ 7 (4Kn — K? — > —3n?) /2KK']  (A35)
ty = exp(—2mw,/K"),  E;=E(,y) (A36)
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then, using (1.2.5) but not (1.4.1) nor (1.4.2), we can write (1.2.12b) as
& = V[ glz/(glfl gl+1)]wl/2E(XWAl)/E(x)

B, = V(gl—lgl+l/glz)[XEl—lEHl/(WEIz )]I/ZE(W)/E(X)
Y= v(g+1/ &) E(mw)/ E (1)
8 = V(gl—l/gl)zE(“‘Iw_l)/E(p‘l)

where here we have written E(z, y) simply as E(z).

[These reduce to the hard hexagon weights in the case n = K/5,
provided that here we replace », g, by unity, and take r in Eq. (28b) of Ref.
8 to be w'/2] Now using (1.4.1) and (1.4.2), we can verify that the x defined
by (A33) is the same as that defined by (1.5.8), and that

y=x, W= x! (A38)

(A37)

When calculating 4, we can ignore the parameter » in (A37), since it
merely contributes an irrelevant scalar factor. The terms involving g, have
the effect of multiplying W(/,m’|1l’,m) by gg,./8& g, and this in turn
simply divides 4y by g; . The remaining terms in (A37) involve v only via
integer or half-integer powers of w, so are periodic functions of v, of period
2iK’. Within the appropriate domain &, or &,, defined in (Al5), it
appears that both 4 and its diagonal form are analytic functions of v, so
from (A28) it follows that the elements of exp[(v — 1)5#°] are

[0 Jym g W O BT (49)

where N(1) is an integer function of 1, and we use the notation
m
sy =[] 8(L. 1) (A40)
k=1

Assuming (as seems perfectly reasonable) that 2#° does not change
discontinuously with p, the integers N (1) must be independent of p. We can
therefore obtain them by studying the simple case when p and w are close
to one, i.e., when n/K’ and K/K' are large, —1 < Re(v/n) < 3 and

x < x| < x7! (A4l)
It then follows from (A37) that
| B2/ (vd) < 1 (A42)
forI=2,...,r— 2, which implies that the matrices Uj, and hence A, are

near diagonal (in the sense that their off-diagonal elements give a negligible
contribution to their eigenvalues). In the limit when x is small, we can take
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B, to be zero: from (1.2.12a) and (A37) we then obtain

W(l,m'|l',m)= V[ g,gm/(g,,gm,)}w“’_m’ | /481,” (A43)
The corner transfer matrix A is then diagonal, with entries
Aw=T1 Wi hal 401500
j=
= g Ww*BB(LY) (A44)

where ¢(l) is defined by (1.5.12) and we have ignored some l-independent
(i.e., scalar) factors in A. The boundary heights [, ,,/,,, that occur here
must be fixed at their values for the particular ground state under consider-
ation.

From (A28), exp[(v — 1)7#°] is the diagonal form of A4, so in this
small-x limit it is given by (A44). From (A39) it follows that

N® =2¢() (A45)
This is indeed an integer function; using the continuity argument men-

tioned above, N(I) must be given by (A45) for all p in the interval (0, 1).
From (A39), (A33), and (A34) (with 7 — o replaced by 27), it follows that

[e——Ztn%":l“/ = X[ —1(21, —r)z/16r+t¢(l)]8(l’ l/) (A46)
Also, from (A9) and (A30),
(RD), = =B E(xh, p)5(LT) (A47)

Substituting these results into (A26), cancelling the scalar factor =, and
remembering that

(S)y=98(,a)dL1) (A48)
we obtain the result (1.5.9)-(1.5.14).

Regimes | and IV. When — 1 < p < 0 (regimes I and IV), the elliptic
integral K is real, but K’ is complex, being of the form

K'=L+IiK (A49)
where L’ is real and positive, and
p=—e /K (A50)
We can write (1.2.7) in the “conjugate modulus” form!'?®
h(u) = rexp[ mu(K — u)/2KL'|E(e™™/*, ) (A51)

where the function E(z, y) is again defined by (1.5.6), and in these regimes
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I and IV we define y and 7 by
y= —exp(*wK/L’) (A52)

2
=y K K H 2n 1 (AS3)

Since y is negative, the constant 7 is complex. This is just a trivial
complication due to the standard definitions of the elliptic theta functions.
It is readily compensated by an appropriate definition of p’ in (1.2.12b). In
any case, 7 will cancel out of our final result for P,.

Substituting this form for A(u) into (1.2.12b), defining

x=e M/ =m0/l (A54)

g =exp[7(v —n)(w, — K)*/87KL' (A55)

v =p'rE(x, y)exp| m(2Kq — 3n* — %) /2KL' (A56)
py = exp(—aw,/L"), E=E(w,y) (AST)

we find that «;, 3, are again given by (A37), while the expressions for v,, §;
now contain extra factors w'/2, w~'/2, respectively. Thus

Y= v(g1/ 8w *E(mw)/ E( 1)

8§ = V(gl—l/gl)zw‘l/zE( A“IWHX)/E(‘“I)

[For the case 5 = K/35, the hard hexagon weights, Eq. (28a) of Ref. 8, can
be obtained by replacing x,w, g, » herein by x*w ™", w2 w!/2]
From (1.4.1) and (1.4.2),

(A58)

y=-x"%  py=x (A59)

As in regimes II and 111, we expect the elements of the diagonal form of A4
to be integer or half-integer powers of w, divided by g, i.e., we expect
(A39) to be valid. To obtain these powers, we focus attention on the case
when x is small and

X< |wj g x /2 (A60)
Provided r # 2/, we find that (A42) is again satisfied, so in the limit of

x small we can take 8, = 0. Provided !’ and m’ are not both equal to r/2, it
follows that

W(lLm' | I,m)=ww'(gg,/8 gu)w "8, (A61)

where the function H(/,/’,!") is defined by (1.5.26).
For odd values of r, it follows immediately that 4 is diagonal in the
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limit x — 0, with elements
Av=g, w8 (L1) (A62)

where (1) is defined by (1.5.24) and we have ignored /-independent factors.
As in regimes II and III, the boundary heights /. ;,/,. ., , are to be fixed at
their ground state values.

The argument is a little more complicated if r is even, since (A42) then
fails for /= r/2. This means that in the small-x limit most of the off-
diagonal elements A, of A are zero, but nonzero elements occur when

LA and Lo =l =l =1, =r/2 (A63)

It follows that 4 is block diagonal, with blocks that are direct products of

one-by-one or two-by-two matrices. It can therefore readily be diagonal-

ized: the eigenvectors are found to be independent of w [as (A28) implies],

while the diagonal form is again given by (A62), (1.5.24), and (1.5.26).
From (A28), (A39), and (A62), we see that in the small-x limit

N1y = -2¢(I) (A64)
This is indeed an integer function, so should be valid for all x in the

interval 0 < x < 1, i.e., for all p in (—1,0). Replacing 5 — v by 24 in
(A39), (A54), and (A55), it follows that

|: e —2171%)}“1 — x[ —1(21 —r)2/8r—tx[z(l)]8 (l, l/) (A65)
while from (A9) and (A51),
(RY), = mx"Ch/7E(xh, y)S(LT) (A66)

Substituting these expressions into (A26), using (A48) and (A59), and
canceling a factor 7x ~"/%, we obtain the result (1.5.21)-(1.5.26).

APPENDIX B: ¢-HYPERGEOMETRIC SERIES

The study of g-hypergeometric series has an extensive literature.(?8232
We shall consider just those developments necessary for the treatment of
regime II. We shall use the notation (2.2.8) and its generalization

(A4, 4,59),=(41),(42), - - (4), (B1)
The ordinary g-hypergeometric series is defined by
e, @ 5, R (A, .., 0,5 q)
¢( I ) -3 L (B2)
Bl""’ﬁs jzo(q”Bp---uBs,Q)j

This series terminates after finitely many terms if one of the o, is a
nonpositive integer power of ¢: this is the case we shall be considering.
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The series is said to be “well poised” if s =n — 1 and
,8j,1aj=qa, j=1...,n (B3)

where a = a; and we take 3, to be the fixed entry ¢ in (B2). It is “very well
poised” if it is also true that

az’as’Bl’Bz=qal/2,_qa\/2,al/2,_a1/2 (B4)

One can readily verify that in this case the entries a,, a5, B, 8, in (B2)
merely contribute a combined factor

(qal/Z)j(_qal/Z) _ 1 — aqu

(@) (=a'?, ~ 1-a

(B5)

to the summand.
We shall restrict our attention to such very well poised g-hyper-
geometric series, and shall take n to be even, n > 6, and «, to be the

ponpositive integer power of g. Then we can write ay, . . ., «, as
ay,...,a,=aqa’? —qa'’% by, c by, 0y, .. be,c,q7Y (B6)
where
n=2k+4, s=2k+3 (B7)

and N is a nonnegative integer. We take ¢ to be
t=a*g"* N/ (b, ... bey ... ) (B8)

The series (B2) can then be written as a (k — 1)-dimensional summa-
tion (Theorem 4 of Ref. 29). At first sight this may not appear to be
progress, but for k = 2 the identity yields Watson’s®® proof of the Rogers—
Ramanujan identities. We shall in fact find that it enables us to handle the
tricky m— co limit for regime II.

We do not need the full theorem, but can restrict our attention to the
limit when

Cryenn, 0 (B9)
(Since the series is a rational function of each ¢;, there is no difficulty in

letting them become zero.) Then Theorem 4 of Ref. 29 becomes the
following.

Theorem B1. For N,k integers, N 20,k > 1,

: Yy
% g1/ =g 1 g¥a 32 (D) (b)),
J=0 l—a 2y (aq9/b),

1/2)(m; + M) (rm;— M, + 1
K (bryy) gy gt /20 MOCn =M D)

— J(/DNN=1)
1 w2 = o —aaron

(B10)
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where
b1 =9q7 ", by =a (B11)
M,=m+m+ - +m (B12)
and the {m} summation is over all integer values of m;, . .., m, such that
m >0, i=1...,k m+my+ - +m=N (B13)

Remarks. The left-hand side of (B10) is the g-hypergeometric series
(B2) with the substitutions (B3)-(B9). This theorem is precisely the same as
Theorem 4 of Ref. 29 with ¢, .. ., ¢, set equal to zero: we have merely
condensed the notation somewhat by using the definitions (B11)-(B13) and
the properties (2.2.10), (2.2.11).

Theorem B2. Let the function p, be defined by (2.6.6), and set

dev1 = q/ W, dir=4q (B14)
Then for N, k integers, N > 0, k > 1:
on(g:w,k +2;d,,d,, ..., d.»)

k q(1/2)m,v(m,»-1)(_di)mi

=(1-wX 1l

&y izt (D (4 s, (W) m,_,

where the M, are defined by (B12) (wht M, = 0) and the summation is over
all integers m,, . . ., m, satisfying (B13).

(B15)

Proof. This is merely a restatement of Theorem BI, in which we
have set

a=q Ml b,=uaq/d, i=1,...,k+2 (B16)

Doing this, using (2.2.10) and (2.2.11), and multiplying both sides of (B10)
by

(1= ")/ [(vd)), (o) - - - (i), ] (B17)

we obtain the desired result (B15). It also follows that the function p, in
(B15) is proportional to the very well-poised series in (B10).

We shall be interested in the limit when N-—> oo, while ¢, w,k,
dy, ..., d, remain fixed. We must exclude the cases when the function p,
is infinite, so for the rest of this Appendix it is to be understood that, for all
integers i and all integers n such that n > 0,

dg#q"  wd+q" (B13)
We also restrict our attention to the case when
lql <1 (B19)
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Theorem B3. For k > 1,
li wok+2:d, ..., d ,qv !,
NI_I)I;PN(‘] w 1 ko qW q)
k q<1/2)m.»<mr1)(_d’_)mx

=(1-w)> I B20
P e REANCTAN (520

where now the {m} summation is over all integers m, such that
—o<m<ow, i=1,...,k; m+m+ - +m=N (B2])

we are using the convention (2.6.20).

Proof. The denominator in (B15) is uniformly bounded. The numer-
ator is maximized when m; =k~ 'N+ O(l), i=1,..., k. Let f be some
number which is large compared with unity but much less than N/k, e.g.,
N /2k. Split the {m} summation in Theorem B2 into two parts 4 and B, A
having all m, greater than f, B containing all other values of m,, ..., m,.
Then the power 1> m,(m; — 1) of g ensures that for N large B is negligible
compared with 4. In part 4 the suffixes m, M, N~ M, |, (for i=
1,..., k) all tend to infinity with N, so the terms in the denominator of
(B15) can all be replaced by their respective limits. The {m} summation
can then be extended to include negative values of the m;, since the extra
terms thus introduced are also negligible compared with A4.

Theorem B4. Fork > 1,
im py(g,w,k+2;dy,..., dk,qw”l,q)

N>

is equal to the coefficient of z " in the Laurent expansion in powers of z of

ok Ed/zg)
O S e ANCTAD

where E(z,x) is the elliptic function given by (1.5.7).

(B22)

Proof. Substituting the series form (1.5.7) of the function E(z, x) into
(B22) and collecting terms in the k-fold product that are proportional to
z™", we obtain the right-hand side of (B20).

Theorem B5. For s > 3, one of d,, ..., d, equal to g/w and an-
other equal to g,

Iim wWysidy, ..., d
N P (q 1 )
is equal to the coefficient of z~* in the Laurent expansion in powers of z of

(DLEMW.q) H E(d;/z,q)
E(z,9)E(zw,q) ;27 (9) (4 (W),

(B23)
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, Proof. Using the definition (2.6.6), both sides of (B23) are symmetric
functions of d,, .. ., d,, so it is sufficient to prove the relation for some

A

particular ordering of 4, . . ., d,. Choose
d_y=qw”', d=gq (B24)

Substituting these values into (B23), setting s = k + 2 and noting from
(1.5.6) that E(q/z,q9) = E(z,q) and

E(w,q) = (1 = w)(9).(9%) (9% ) (B25)

NOTE ADDED IN PROOF

Many of the identities of Secs. 2 and 3 were suggested and /or checked
by partially expanding them in powers of the variable ¢ or x, using
a computer and (in Sec. 2) IBM’s symbolic manipulation language
“Scratchpad.” For r odd, the identity (3.2.25) has been obtained by
Bressoud (Eq. 5.3 of Ref. 41, with k= (r—1)/2, and a — x” therein
corrected to 1+ x”).
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